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Abstract. Let (C, t) (t = (ti, . . . , t n )) be an n-pointed smooth projective curve of genus g and take 
A = (A^ !) ) 6 C nr such that ^ = d £ Z. For a weight a, let Mg(t, A) be the moduli space of 

ct-stable (t, A)-parabolic connections on C and for a certain a £ C nr let RP r (C, t) a be the moduli space 
of representations of the fundamental group 7Ti(C \ {ti, . . . , t n }, *) with the local monodromy data a. 
Then we prove that the morphism RH : Af™(t, A) — > RP r (C, t) a determined by Riemann-Hilbert corre- 
spondence is a proper surjective bimeromorphic morphism. As a corollary, we prove geometric Painleve 
property of the isomonodromic deformation defined on the moduli space of parabolic connections. 



1. Introduction 

There are many kinds of description of Riemann-Hilbert correspondence. We consider here a moduli 
theoretic aspect of Riemann-Hilbert correspondence on a smooth projective curve. Even in the case of 
curve, moduli theoretic description of Riemann-Hilbert correspondence is in fact non-trivial and we will 
give a complete geometric description of Riemann-Hilbert correspondence from the view point of moduli 
theory. Moreover, we will introduce a good application of this description to the differential equation 
determined by isomonodromic deformation. 

Let C be a smooth projective curve over C and t\, . . . ,t n be distinct points of C. For an algebraic 
vector bundle E on C and a logarithmic connection V : E — > E ® &c(ti + ■ • • + t n ), ker V on | c \{ tl! ... it?i } 
becomes a local system on C \ {ti,...,t n } and corresponds to a representation of the fundamental 
group 7Ti(C \ {ti, . . . ,t n }, *), where V an is the analytic connection corresponding to V. The correspon- 
dence (E,W) i ► ker V a "| C 7\{t ll . ..,*„} is said to be Riemann-Hilbert correspondence. If I C E\ ti is a 
subspace satisfying res 4i (V)(Z) C I, then V induces a connection V' : E' — > E' ® f^^i + • • • + t n ), where 
E' := kcr(£' — > {E\ t Jl)). We say (2£',V) the elementary transform of (E, V) along ti by /. Note that 
ker V an |c\{t 1 ,....t„} = ker(V') an |c7\{t 1 ,. ..,*„}■ Roughly speaking, Riemann-Hilbert correspondence gives a 
bijection between the set 

E is an algebraic vector bundle on C of rank r and 
V : E — > E (g) £l(j(ti H h t n ) is a logarithmic connection 



>.odulo 
ry tr-a 



and the set 

{GL r (C) representation of tt\{C \ {t\, . . . , t n }, *)} / = . 

In order to define the former set exactly, we should introduce the concept of "parabolic structure" . So 
put 



J2 x f = 

hi 



for integers d, r, n with r > 0, n > 0. We write t = (t\, . . . , £„) and take A € A^^d). 

Definition 1.1. (£, V, {#}i<i<„) is said to be a (t, A)-parabolic connection of rank r if 

(1) E is a rank r algebraic vector bundle on C, 

(2) V : E — > E (g) + • • • + t n ) is a connection, and 

(3) for each ^, is a filtration ^| ti = 1$ D if D---D D l { r l) = such that dim(^V^+i) = 1 
and (res ti (V) - xf id E , ti )(/f ) C l® t for j = 0, . . . ,r - 1. 

The filtraion i*^ (1 < i < ?i) is said to be a parabolic structure of the vector bundle E. For a parabolic 
connection (E, V, the elementary transform of (E, V) along ti by determines another parabolic 

connection. Then an elementary transform gives a transformation Elm. a) on the set of isomorphism 
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classes of parabolic connections. Permutation of {Xq\ ■ ■ ■ , A|*2x) induces a tranform a% and tensoring 
Oc{ti) induces a transform hi. See (@J, and (JjjJ in section |3] for the precise definition of Elm^i), a,i 

3 

and bi. Then we should precisely say that Ricmann-Hilbert correspondence gives a bijection between the 
set 



lm l{i) 



1 <i <n,0 < j < r - 1 



V, {^'}) : parabolic connection j ^ ^a i; hi, Eh 
and the set 

{p : 7Ti(C \ {tx, ■ ■ ■ , t n }, *) — > Gi r (C) : representation} / = 

We can easily see the proof of this bijection from the theory of Deligne ( 4 ). 

We simply say the element of the former set a parabolic connection modulo elementary transform. 
Then a parabolic connection modulo elementary transform corresponds to a I? module but we can not 
expect an appropriate algebraic structure on the moduli space of such objects. So we can recognize that 
it is natural to consider the moduli space of parabolic connections in the moduli theoretic description 
of Riemann-Hilbert correspondence. However, we must consider stability when we construct the moduli 
of parabolic connections as an appropriate space. So we set M°(t, A) as the moduli space of a-stable 
parabolic connections. See Theorem l2 . II and Definition 12 . 21 for the precise definition of M™(t, A). Next we 
consider the moduli space RP r (C, t) a of certain equivalence classes of representations of the fundamental 
group 7Ti (C \ {fx, . . . , t n }, *). Here two representations are equivalent if their semisimplifications are 
isomorphic. There is not an appropriate moduli space of isomorphism classes of the representations of 
the fundamental group. For a construction of a good moduli space containing all the representations, we 
must consider such an equivalence relation. See section l2~2l for the precise definition of RP r (C, t) a . The 
most crucial part of the main result ( Theorem 12. 2J) is that the morphism RH : M"(t, A) — > RP r (C,t) & 
determined by Riemann-Hilbert correspondece is a proper surjective bimeromorphic morphism. This 
theorem was proved in 7 for C — P 1 and r — 2. However there were certain difficulties to generalize 
this fact to the case of general C and r. 

One of the most important motivation to consider such a theorem is to consider an application to the 
geometric description of the differential equation determined by isomonodromic deformation. See section 
Eland section for the precise definition of isomonodromic deformation. This differential equation is said 
to be Schlesinger equation for C = P , Gamier equation for C — P 1 and r = 2, and Painleve equation 
of type sixth for C = P 1 , r = 2 and n = 4. Jimbo, Miwa and Ueo give in ^21 an d U31 an explicit 
desecription of Schlesinger equation. However there was no description of the space where Schlesinger 
equation is defined which has the property that any analytic continuation of a solution of Schlesinger 
equation stays in the space. We call the property satisfied by such a space "geometric Painleve property" . 
See Definition 12 . 51 for the precise definition of geometric Painleve property. Our aim here is to construct 
a space where isomonodromic deformation is defined and satisfies geometric Painleve property over all 
values of A. (It is not difficult to construct such a space over generic A but it is difficult to construct 
over special A.) In fact that space is nothing but the moduli space of a-stable parabolic connections and 
the result is given in Theorem 12.31 which is essentially a corollary of Theorem 12.21 Geometric Painleve 
property immediately deduces usual analytic Painleve property. So we can say that Theorem 12.31 gives 
a most clear proof of Painleve property of isomonodromic deformation. As is well-known, the solutions 
of Painleve equation have Painleve property, which is in some sense the property characterizing Painleve 
equation (and there were many proof of Painleve property). So usual analytic Painleve property plays 
an important role in the theory of Painleve equation, but we can see from the definition that " geometric 
Painleve property" is much more important from the view point of description of the geometric picture 
of isomonodromic deformation. 

To prove the main results, this paper consists of several sections. In section [31 we prove the existence 
of the moduli space of stable parabolic connections. An algebraic moduli space of parabolic connections 
was essentially considered by D. Arinkin and S. Lysenco in pQ, [2] and and they showed that the 
moduli space of parabolic connections on P 1 of rank 2 with n = 4 for generic A is isomorphic to the 
space of initial conditions of Painleve equation of type sixth constructed by Okamoto (^HJ). For special 
A, we should consider certain stability condition to construct an appropriate moduli space of parabolic 
connections. In the case of C = P 1 and r = 2, K. Iwasaki, M.-H. Saito and the author already considered 
in [7] the moduli space of stable parabolic connections and they proved in [S| that the moduli space of 
stable parabolic connections on P 1 of rank 2 with n = 4 is isomorphic to the space of initial conditions 
of Painleve VI equation constructed by Okamoto for all A. An analytic construction of the moduli space 
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of stable parabolic connections for general C and r = 2 was given by H. Nakajima in |14j . However, in 
our aim, the algebraic construction of the moduli space is necessary. The morphism RH determined by 
Riemann-Hilbert correspondence is quite transcendental, which is explicitly shown in the case of C = P , 
r = 2 and n = 4 in This statement make sense only if we construct the moduli spaces M"(t, A) and 
RP r (C,t) & algebraically. For the proof of Theorem 12. II we do not use the method in Jfaj- We construct 
M", T (t, r, d) as a subscheme of the moduli space of parabolic A^-triples constructed in |7j. We also use 
this embedding in the proof of the properness of RH in Theorem 12 .21 

In section 0] we prove that the moduli space of stable parabolic connections is an irreducible variety. 
For the proof, we need cetain complicated calculations and this part is a new difficulty, which did not 
appear in [7|- 

In section|Sl we consider the morphism RH determined by Riemann-Hilbert correspondence and prove 
the surjectivity and properness of RH. This is the essential part of the proof of Thcorcm l2.2l Notice that 
for generic A, parabolic connection is irreducible and so all parabolic connections are stable. Moreover 
we can easily see that the moduli space M"(t, A) of parabolic connections for generic A is analytically 
isomorphic via Riemann-Hilbert correspondence to the moduli space RP r (C, t) a of representations of the 
fundamental group 7Ti(C\{ti, . . . ,t n }, *). However, for special A, several parabolic connections may not be 
stable and the stability condition depends on a. So we can see that the surjectivity of RH is not trivial at 
all for specaial A, because for a point [p] S RP r (C, t) a , we must find a parabolic connection corresponding 
to [p] which is a-stable. Moreover, the moduli space M"(t, A) of stable parabolic connections is smooth, 
but the moduli space RP r (C, t) a of representations of the fundamental group becomes singular. So the 
morphism RH : M"(t, A) — > RP r (C\t) a is more complicated in the case of special A than the case of 
generic A. We first prove the surjectivity of RH in Proposition 15.11 In this proof, we use Langton's 
type theorem in the case of parabolic connections. This idea was already used in [7j. Secondly, we prove 
in Proposition 15.21 that every fiber of RH is compact by using an embedding of M™(t,A) to a certain 
compact moduli space. In this proof, we can not use the idea given in |Jj and make new technique again. 
Finally we obtain the properness of RH by the lemma given by A. Fujiki. 

In section [5J we construct a canonical symplectic form on the moduli space M°(t,A) of stable par- 
abolic connections. Combined with the the fact that RH gives an analytic resolution of singularities 
of RP r (C, t) a , we can say that RP r (C, t) a has symplectic singularities (for special a) and RH gives a 
symplectic resolution of singularities. For the case of r = 2, H. Nakajima constructed the moduli space 
M"(t,A) as a hyper-Kahler manifold and it obviously has a holomorphic symplectic structure. Such a 
construction for general r is also an important problem, though we do not treat it here. 

In section we first give in Proposition 17. II an algebraic construction of the differential equation on 
M", T (t, r, d) determined by isomonodromic deformation. Finally we complete the proof of Theorem 12. 31 

Acknowledgments. The author would like to thank Professors Masa-Hiko Saito and Katsunori 
Iwasaki for giving him the problem solved in this paper and also for valuable long discussions. He also 
would like to thank Takuro Mochizuki and Takeshi Abe for valuable comments and discussions on the 
proof given in section [3] 

2. Main results 
Let C be a smooth projective curve of genus g. We put 



T n := Ut u ...,t n )eCx---xC 
for a positive integer n. For integers d, r with r > 0, we put 

AW(d) := I (A«)J|}f _ x € C 



U ^ tj for i ^ j 



d • v o 



Take a member t = (t 1; . . . , t n ) € T n and A = (A )i<i< T i,o<j<r-i G 

Definition 2.1. (E, V, {/l 4) }i< 2 <„) is said to be a (t, A)-parabolic connection of rank r if 

(1) E is a rank r algebraic vector bundle on C, 

(2) V : E — > E® 0,(-,(ti +■ ■ ■ +t n ) is a connection, that is, V is a homomorphism of sheaves satisfying 
V(/a) = a®df + /V(a) for / e O c and a e E, and 
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(3) for each t u if is a filtration E\ u = if D if D ■ ■ ■ D lf x D if = such that dim^/^+i) = 1 
and (res ti (V) - Af id E \ u )(lf) C lf +1 for j = 0, . . . ,r - 1. 

Remark 2.1. By condition (3) above, we have 

n n r—1 

deg E = deg(det(£)) = - VJ res ti (V dct e) = X f = d - 

i=l i=l j=0 

Take rational numbers 

< af <af <■■■< af < 1 
for i = 1, . . . ,n satisfying af ^ a^, ' for (i, j) ^= We choose a = {af) sufficiently generic. 

Definition 2.2. A parabolic connection {E, V, {lf}\<i< n ) is ct-stable (resp. a-semistable) if for any 
proper nonzero subbundle F C E satisfying V(F) C F ® Qp(ti + • • • + t„), the inequality 

degF + Eti g=i of dim((F| t , n ifj/jF^ n if)) 
rankF 

(resp. <) ranki? 

holds. 

Let T be a smooth algebraic scheme which is a certain covering of the moduli stack of n-pointed 
smooth projective curves of genus g over C and take a universal family (C, ti, . . . , t n ) over T. 

Theorem 2.1. There exists a relative fine moduli scheme 

M? /T (i,r,d)^Tx\f\d) 

of a- stable parabolic connections of rank r and degree d, which is smooth and quasi-projective. The fiber 
M" (t x , A) over (x, A) eTx Af\d) is the moduli space of a- stable (t x , A) parabolic connections whose 
dimension is 2r 2 (g — 1) + nr(r — 1) + 2 if it is non-empty. 

Definition 2.3. Take A E A { r n) (d). Wc call A special if 

(1) xf — Xf G Z for some i and j ^ k, or 

(2) there exist an integer s with 1 < s < r and a subset {j\ , . . . , j l s } C {0, . . . , r— 1} for each 1 < i < n 
such that 



i=i k=i 

We call A resonant if it satisfies the condition (1) above. If A satisfies the condition (2) above, there 
is a reducible parabolic (t x , A)-parabolic connection on C x for x £ T. Here we say a (t^, A)-connection 
(E,V E ,{lf}) reducible if there is a non-trivial subbundle ^ F C E such that V E (F) d + 
• • • + (*„)*)■ We call A e A£ n) (d) generic if it is not special. 

Fix a point x e T. Then the fundamental group tt\{C x \ {{t\) Xl . . . , {t n ) x } 1 *) is generated by cycles 
ai, [3\, . . . ,a g , f3 g and loops 7j around ti for 1 < i < n whose relation is given by 

g n 

1I« 1 v ^ II" '• 

3=1 i=l 

So the fundamental group is isomorphic to a free group generated by 2g + n — 1 free generators. Then 
the space 

Horn (tti(C x \ {(ti) X) . . . , (*„)*}, *), GL r (C)) 

of representations of the fundamental group becomes an affine variety isomorphic to GL r (C) 2g+n ^ 1 and 
GL r (C) acts on this space by the adjoint action. We define 

RP r ((C) x ,t x ) = Horn (tti(C x \ {(i~i) x , . . . , (4),}, *), GL r (C)) //GL r (C) 
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as a categorical quotient. If we put 

4 n) := {a = (af £ C" |a«a^ • • .«W = (-1)™} , 

then we can define a morphism 

RP r ((C) x ,t x ) -^4 n) 
M~a=( W) 

by the relation 



det(Jf / r - p(7i)) = ^ r + 4-i^ r_1 +••• + ", 



(i) 
■ 



where X is an indeterminate and I r is the identity matrix of size r. Note that for any GL r (C)- 
representation p of wi(C x \ {(h) x , . . . , {t n ) x }, *), 

det(p( 7l ))---det(p( 7n )) 

= detQo^)) -1 det^ag))" 1 det(/3 9 ) det(a ff ) • • • det(p(/3i)) _1 det(/j(ari)) -1 det(/?i) det(ai) 
= 1 

and so the equation a^a^ • ■ ■ = (— l) r " should be satisfied. 

Replacing T by a covering, we can define a relative moduli space RP r (C,t) = \J xeT RP r (C x , t x ) of 
representations with a morphism 

RP r {C,i) — > T x A { r n) . 

We define a morphism 

(1) rh :A^(d) 3 Awae^' 

by 

r-l 



H (x- ex P (-2^v z TAy ) ) J = x r + - + •■• + ao 

3'=0 

For each member (E, V, {ij }) 6 M^tjjA), ker(V on | c \ r/j n (£„)*}) becomes a local system on \ 
{(ti) x , . . . , (t n ) x }, where V a ™ means the analytic connection corresponding to V. The local system 
ker(V an | c \ r^s i ...,ii n ) x }) corresponds to a representation of 7ri(C x \ {(ii);c, • • • , (?n)x}> *)• So we can 
define a morphism 

RH^^) : M" x (t x ,X) — ► iiPr^Cjct^Ja, 
where a = rh(X). Replacing T by a covering again, {RHjj ^} induces a morphism 

(2) RH : Mg /T (i, r, d) — ► RP r {C, t) 

which makes the diagram 

M° /T (t,r,d)) RH » RP r (C,l) 



TxA<?\d) TxA { r n) 

commute. 

The follwing is the main theorem whose proof is given in section [SJ 

Theorem 2.2. Assume a is so generic that a-stable O- a-semistable. Moreover we assume to— 2r— 2 > 
if g = 0, n > 1 if g = 1 and n > 1 if g > 2. XTien the morphism 

RH : M« /T (t,r,d) — » AP r (C,t) x^„> A< n >(d) 

induced by @) is a proper surjective bimeromorphic morphism. Combined with Provosition \6.1\ we can 
say that for each (x, A) € T x Ar"^(<i) } 

(1) RH/ X) x) : -^"(tajA) — ► RP r (C x ,t x ) a is an analytic isomorphisms of symplectic varieties for 
generic A and 

(2) RH( X) x) : Mg"(t x ,A) — ► RPriCxjtx)^ gives an analytic symplectic resolution of singularities of 
RP r (C x ,t x ) & for special A. 

Here we put a = rh(X). 
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Remark 2.2. (1) For the case of r = 1, (RH)^^) is an isomorphism for any (x, A) S T x A^(d) and 
RPi(C x , t x )a is smooth for any a. 

(2) In Theorem 12.21 we consider the case n > 1. As is stated in [{TJ\, Proposition 7.8], Riemann-Hilbert 
correspondence for the case of n — gives an analytic isomorphism between the moduli space of integrable 
connections and the moduli space of representations of the fundamental group, but in that case the moduli 
space of integrable connections may be singular. 

Let T — > T be the universal covering. Then RP r (C,t) Xt T — » T becomes a trivial fibration and we 
can consider the set of constant sections 

T R := {a : T RP r {C, t) x T f } . 

As is stated in Remark 15.21 



RP r (C,t)t e = {[p]eRP r (C,t) 



p is reducible or 1 
dim ^ker no (7$) — exp(— lA^)/,.^ > 2 for some i, j J 

is just the singular locus of RP r (C,t) a . If we put RP r (C x , t x )| := i?P r (C x ,t x ) a \ PP r (C, t)| in s, then 
RH| M „ x y '■ Mg^(t x ,A)" — > PP r (C x ,t x )| becomes an isomorphism, where we put M,?(t x ,A)" := 

RU^(RP r {C x ,t x )i). Put 

PP r (C,t)» = ]J RP r (CxX)l 

Then the restriction T R oiT R to PP r (C, t) B x T f gives a foliation on PP r (C, t) tt x T f. The pull back T % M := 
RH _1 (4) determines a foliation on Mg /T (i, r, df x T f where Mg /T (i, r, df = RH _1 (PP r (C, t)»). This 
foliation corresponds to a subbundlc of the analytic tangent bundle QVl a a ^„ ^ determined by a 

splitting 

of the analytic tangent map 



M^ /r (t,r,d)«x T T °f ' 

where 7r : M"^ T (t, r,d)« x-p T — > T is the projection. We will show in Proposition 17.11 that this splitting 
is in fact induced by a splitting 

D : 7T*(e T ) ->■ ©j\/^ /T (t,r,d) 

of the algebraic tangent bundle, where tt : M", T (t, r,d) — ► T is the projection. 

In order to explain the concept of geometric Painleve property, let us review here several terminologies 
introduced by K. Iwasaki in 9 . 

Definition 2.4. A time- dependent dynamical system {M,T) is a smooth fibration n : M — > T of 

complex manifolds together with a complex foliation T on M that is transverse to each fiber M t — w (t), 
t € T. The total space M is referred to as the phase space, while the base space T is called the space of 
time-variables. Moreover, the fiber M t is called the space of initial conditions at time t. 

Definition 2.5. (|H1) A time- dependent dynamical system (M,!F) is said to have geometric Painleve 
property if for any path 7 in T and any point p € M t , where t is the initial point of 7, there exists a 
unique J- -horizontal lift 7 p of 7 with initial point p. Here a curve in M is said to be J 7 -horizontal if it 
lies in a leaf of T . 

D$(tt*0°~ 1 ) obviously satisfies the integrability condition 

[D»(ref ) )J D»(re| n )] c D\r&f) 

because it corresponds to the foliation T\ ;[ . Since codim M „ ^ r ^ (j\4"/ T (i,r,d) \ M^ T (i,r,d)^ > 2, 
we can see that D(ir* (&t)) also satisfies the integrability condition 

[£)( 7 r*(e r )), J D(7r*(e T ))] C D(tt*(Q t )). 
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Then the foliation T M extends to a foliation Tm on M", T (t,r,d) x T T. We can see that Tm descends 
to a foliation Tm on M^ T (t,r,d) which corresponds to the subbundle D(ir* (8t)) C @m° x (ird)- By 

construction, we can see that (^M^ T (i, r, d), Tmj becomes a time-dependent dynamical system with 
base space T . As a corollary of Theorem 12. 21 we can prove the following theorem whose proof is given in 
section 

Theorem 2.3. The time- dependent dynamical system ^M^ T (t,r,d),J-M^j determined by the differential 
system D(tt*Qt) satisfies geometric Painleve property. 

3. Moduli of stable parabolic connections 

Before proving Theorem 12.11 we recall the definition of parabolic A^-triple defined in [7J. Let D be 
an effective divisor on a curve C. We define as Oc © ^c(D) v with the bimodule structure given by 

f(a,v) = (fa,fv) (/,aeO c ,^fic(0) V ) 

(a, v)f = (fa + «(/), fv) (/, aeO c ,ve ^(D)"). 

Definition 3.1. (Ei, E 2 , F*(E±)) is said to be a parabolic A^-triplc on C of rank r and degree d if 

(1) E\ and i? 2 are vector bundles on C of rank r and degree <i, 

(2) $ : A^ (g) £1 — * E 2 is a left Oc-homomorphism, 

(3) Ei = Fi(E 1 ) D F 2 (Ei) D ■■■ D Fi(Ei) D Fi +x (Ei) = Ei(-D) is a filtration by coherent 
subsheaves. 

We take positive integers fti, 02, 7 and rational numbers < a'i < ■ ■ ■ < a', < 1. We assume 7> 0. 

Definition 3.2. A parabolic A^-triple (Ei, E 2 , F*(Ei)) is (a,/3,7)-stable (resp. (a, j3, 7)-semistable) 
if for any subbundles (F X ,F 2 ) C (E U E 2 ) satisfying (0, 0) ^ (F U F 2 ) ^ (E U E 2 ) and $(A^ (t) ® Fi) C F 2 , 
the inequality 

Pi degFi(-D) + /3 2 (degF 2 - 7 rankF 2 ) + ft ^ lmgth((^(^) n F 1 )/(F 3+1 (Ei) n FQ) 

/3i rank Fi + /3 2 rank F 2 
< A deg_Ei(-g) + (3 2 (degE 2 - 7 rank£ 2 ) + ft a] length^ (F 1 )/F 3+1 (£ 1 )) 

(resp. <) ft rank£i + /3 2 rank_E 2 

holds. 

Theorem 3.1. (|7j, Theorem 7.1) Let S be a noetherian scheme, C be a flat family of smooth projective 
curves of genus g and D be an effective Cartier divisor on C flat over S . Then there exists a coarse moduli 

scheme M^,'" ' 7 (r, d, {l}i<i<nr) of (a' , (3, 7)- stable parabolic A x D -triples on C over S. If a! is generic, 
it is projective over S . 

Definition 3.3. We denote the pull-back of C and t by the morphism T x Ai n \d) — > T by the same 
characters C and t = (fx, ... , t n ). Then D(t) :— i\ + ■ ■ ■ + t„ becomes a Cartier divisor on C flat over 
T x A^ l \d). We also denote by A the pull-back of the univerasal family on A^ (of) by the morphism 
T x A ( r l) (d) -► A ( r l) (d). We define a functor M% /T (t, r, d) of the cate gory of locally noetherian schemes 
to the category of sets by 

M% /T (i,r,d)(S) :={(£, V, {if})} 

for a locally noetherian scheme S over T x A ( r l) (d), where 

(1) E is a vector bundle on Cs of rank r, 

(2) V : £7 — > E 1 ® f2£ s ^ s (Z?(t)s) is a relative connection, 

(3) £|( t ~ i)s = ^ D 4 l) ••• D z£'2i D ^ = is a filtration by subbundles such that (res ( ^ )s (V) - 
(Xf ) s )(lf ) ) C lg x for < j < r - 1, i = 1,. ..,n, 

(4) for any geometric point s e 5, dim(ij^/i^ 1 ) ® fc(s) = 1 for any i,j and (F, V, {/j^}) ® fc(s) is 
a-stable. 
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Here (E, V, {lj }) ~ (E', V, {lf^}) if there exist a line bundle ConS and an isomorphism a : E ^ E'®C 
such that u\t i {l i f > ) — lj for any i,j and the diagram 

£ V » E(gfiL r (£)(t)) 

(7 | <T(giidJ^ 

E 1 ® C V ' ; £' <g> 0^ /T (D(t)) ® £ 

commutes. 

Proof of Theorem 12.11 Fix a weight a which determines the stability of parabolic connections. 
We take positive integers /3i,/?2,7 and rational numbers < < < ■•■ < «r' < 1 satisfying 
(Pi + (3>2)aj = Px&j for any We assume 7 » 0. We can take an increasing sequence < 

a[ < ■ ■ ■ < a' nr < 1 such that {a[\l < i < nr} = 1 < i < n, 1 < j < r|. Take any member 

(E,V,{lj^}) G A^°/ T (t, r, d)(T). For each 1 < p < m, exist i,j satisfying ay — a' p . We define 

inductively F p (E) := ker(F p _i(i;) -> (.E)^//^). Then (£7, V, {/j }) i-> (E,E,4>,V ,F*{E)) determines 
a morphism 

t : M? /T (t, r, d) -> M°®££^ (r, d, {!}!<,<„,), 



where M^jj!' a '^ n (r, d, {l}i<i<„ r ) is the moduli functor of (a', (3, 7)-stable parabolic A^-^-triples whose 

coase moduli scheme exists by Theorem l3.ll Note that a parabolic connection (E, V, {/,•}) is a-stable if 
and only if the corresponding parabolic A^^^-triple (E, E, id, V, F„(E)) is (a', /3, 7)-stable since 7 ^> 0. 
We can see that l is representable by an immersion. So we can prove in the same way as [0 Theorem 2.1] 

that a certain subscheme M c " T (t,r, d) of M^^' a '^' 7 (r, d, {l}i<i< n r) is just the coarse moduli scheme 
of M% /T (t,r, d). 

Applying a certain elementary transformation, we obtain an isomorphism 

a : M c/T (t, r, d) Mc/r{i, r, d') 

of moduli stacks of parabolic connections without stability condition, where d' and r are coprime. Then 
u(Af°y T (t, r, d)) can be considered as the moduli scheme of parabolic connections of rank r and degree d! 
satisfying a certain stability condition. We can take a vector space V such that there exists a surjection 
V ® Oc,{—m) — > E such that V ® k(s) — > H°(E(m)) is isomorphic and h l (E(m)) = for i > for any 
member (E, V, {l^}) S a(M° /T (t, r, d)) over s e T. We put P(n) := x(-E(n)). Let £ be the universal 
family on C x TxA (™)( d ) Q^^c/txa'"'^)' Then we can construct a scheme i? over Q u °t^y TxA (™) ( - d - ) which 
parametrizes connections V : £ s — > £ s <g> (D(t s )) and parabolic structures f s |(t i ) s = ij D ■ • • D ^-1 
Z« = such that (res (t - }i (V) - (\f) s )(lf) C jgi for 

any PGL(V) canonically acts on i? and for 
some open subscheme R s of R, there is a canonical morphism R s — > a(M^ T (t,r,d)) which becomes a 
principal _PGL(V)-bundle. Then we can prove in the same manner as Theorem 4.6.5] that for a 
certain line bundle C on R s , £ <£> £ descends to a vector bundle on C x TxA (™)( d ) (7 (-^c/t(*> r ' t 0)> smce r 
and d' are coprime. We can easily see that the universal families V, of connections and parabolic 

structures on £ ® C also descends. So we obtain a universal family for the moduli space a(M^ T (t, r, d)) 
and M", T (t, r, d) in fact becomes a fine moduli scheme. 

Let (E, V, {^}) be a universal family onCxy M"^ T (i, r, d). We define a complex JF* by 

^° := { S e fnd(£) jsl^xM^Ct.nd)^) c for an y l > j} 
T x := { S € £nd{E) (g> 0^ /T (£»(t)) jres^.^^^^.^s)^) C ^ for any 
V^-. :T° — yT 1 ; V r .(s)=Vos-soV. 
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Let (A, m) be an artinian local ring over T x Ai n \d), I an ideal of A satisfying ml = 0. Take any 
member (E, V, {zj l) }) G M£ /T (t,r,d)(A/I). We denote the image of SpecA/m -> Mg /T (i,r,d) by x. 

Then we can see that the obstruction class w(E, V, {lj^}) for lifting (E, V, {Z^}) to an A-valued point 
of M^, T (t, r, d) lies in the cohomology H 2 (^ r * <g> k(x)) ® 7. Consider the homomorphism 

Tr : H 2 (jc* ® k{x)) ® 7 — ► H 2 (f2jJ ® 7 

[{m Q( 3 7 },{u q/3 }] h-> [{Tr(u a/37 )},{Tr(u a/3 )}], 

where = (J J7 Q is an affine open covering and we consider in Cech cohomology. Then we can see that 
Tr(oj(E, V, {Z^})) is just the obstruction class for lifting (detE, A r V) to a pair of a line bundle and a 

connection with the fixed residue det(A A ) over A. Here dct(X A ) = (E^CA^a) 1 -*-" • Since Pic d C/T 
is smooth over T, there is a line bundle 7 on such that L ® Ajl = dct(_E). We can construct a 
connection V° : 7 — ► 7 ® fijl , T (?i + • • • + t„) because H 1 (£nd(L) ® 0^ , T (ii + • • • + t„)) = 0. We can find 

a member u e H°(£nd(L) <g> OL T (ti H ht„)) such that u®A/I = V° ® A/7 - A r V. Then (7, V°-tt) 

becomes a lift of (det(75), A r V). If we put /iM : = reSj. gyl (V — u) — Ej(A^)a, then we have ^ e 7 for 
any i and E"=i A*^ = 0. We can find an element w € 7 <g> H°(£nd(L) <g> 0^ , T (fi + • • • + i„)) such that 
res t -. 0yl (w) = for any i. Then (7, V° — u — lu) is a lift of (det(E), A r V) with the residue (det(A)yi)- 
Thus we have Tr(u(E, V, {zj i} })) = 0. Since (J rl ) v <g> n* /T ^° and (J-°) v (g) n* /T ~ J -1 , we have 

H 2 (^* ® fc(x)) S cokcr (H 1 ^ ® fc(x)) -» Tf 1 ^ 1 <g> fc(x))) 

= ker (7f°((J- 1 ) v <g> Q} e/T ® fc(x)) -» H°((F°) V ® f£ /T ® fc(x))) V 

= ker (i7°(^° ® fc(x)) -» H ^ 1 ® fc(x))) V . 
and a commutative diagram 

H 2 (^®fc(x)) — ^ H 2 (^J 

I- y I- 

ker(i7°(^°®fc(x)) ^ H^iT 1 ® k{x))^ — ker (77 O (0 C J ^ #°(^e .)) V ■ 

We can see by the stability that the endomorphisms of (E, V, {1^}) <8> fc(x) are scalar multiplications. So 
we have ker (77° (J 70 <g> fc(x)) — > H ^ 1 <g> fc(x))) = C and the canonical inclusion 

t : ker (77 (O c J 4 i7°(0^)) — » ker (t/°(^ ® fc(x)) ^ Tf ^ 1 ® fc(x))) 

is an isomorphism. Hence Tr is an isomorphism and u)(E, V, {Z^}) = because Tt(uj(E, V, {1^})) = 0. 
So we have proved that M", T (t, r, d) is smooth over T x 

We have a canonical isomorphism 6 M « T (t ;rid)/TxA (n) (d) = R 1 ^^ {d) )*(T'), where 7r TxA („, (d) : 

C^Tx A[ n) (d) is the projection. From the spectral sequence m(T q <g> fc(x)) HP+^J 7 ' ® fc(x)), wc 
obtain an exact sequence 

-» C -» 7f (^°(x)) -» 77 (JT 1 ( a; )) -» H 1 ^*^)) -> H 1 (J 7 °(x)) -» H 1 ^ 1 (x)) -» C -» 

for any x e M£ /T (i,r,d). So we have dimH 1 ^'^)) = -2x(^°(x)) + 2, because Tf ^ 1 ^)) = 
7f 1 (J r0 (x)) v and Tf 1 ^ 1 ^)) ^ 7f°(J' (x)) v . Since there is an exact sequence 

- ^°(x) - £nd(75(x)) - Hom(zf /Zgi, Z« x ) - 0. 

l<i<n,0<j<r-l 

we have 

X (^°(x)) = x(£nd(£(z))) - nr(r - l)/2 = r 2 (l - ff ) - nr(r - l)/2. 

Thus we can see that every fiber of M", T (i, r, d) over T x Ar"^(d) is equidimensional and its dimension 
is 2r 2 (.g — 1) + nr(r — 1) + 2 if it is non-empty. □ 
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In the rest of this section, we will give some remark on elementary transformation and the induced 
isomorphism on the moduli space of parabolic connections. 
Take a point A e A^ l \d). We can write 

nV-A?)=n(*-/4 i v*\ 

j=0 fc=l 

»(') fl U c\ ova oil m„tncill,t ^UiTint T3 at . ,W \ \ TJof..M'\ \ ... \ Baf^'h 



where fi k (1 < fc < s) are all mutually distinct, Re(/4 ) > Re(/4 ) > ••• > Re(/4 ) and x is an 
satisfying < Jq < j[ < ■ ■ ■ < j (i) < r such that 



indeterminate. For any member (I?, Vg, {/,•}) G M"(t,A), we can find j[ k , (i) for 1 < fc < s 



dim I Iker^rest^V^-M^-id) nljt, I / ( k.-r ( res,.. I V^) - /#)." - m /';,', ) ) = I 

for p = 0, . . . - 1. Let E\ ti = D (Z')^ D • • O (Z')r-i D (0^ = be the filtration satisfying 

dim(Z')pV(02-i = 1 for p = 0,. .. ,r - 1 and 

(Z')<° Dker(res ti (V £ )-^ ) -id)n^ ) 

for q = 0, . . . , r — 1, where q = r — ( m }P — p) — Sfc<fc'<s m fc''' 1 < fc < s and < p < * . We put 
vf ] = A^' } for i'^i, 



(res ti (V £ )- M i: ) -id)n^J) 



1^0 ! • • • J "i — iJ - — IA*1 T--Th L k >---iMs >--->H's )• 

and t> := (z^- 2 Then the correspondence Vg, {Z^}) >— ► (-Z5, Vb, {(Z')^}) determines an isomor- 

phism 

(3) ai :M c (t,A)AM c (t,i/), 

where Mc{t, A) (resp. A^c(t, f)) is the moduli stack of (t, A)-parabolic connections (resp. (t, i>>) -parabolic 
connections) without stability condition. Next we construct another transformation. For a (t, A)- 
parabolic connection (E, Ve, {if}), we put E' := kcr(i? — » E\ t Jlf). Then V e induces a connection 

V E :E' — ► E' ®Oc(*H r-*n)- 

Let (Z')r-j 3 • • • D (Z')r l) = be the image of the filtration #(-*i)| t< = Z^ <g> 1 D • • • D zj l) <g) 1 by the 
linear map £■(— fj)]^ — > E"]^ and _E'| ti = (I')q^ D ■■■ D (Z')r-j ^ c tne inverse image of the filtration 
if D ■ ■ ■ D I® by the linear map E'\ ti — > E\ t% . We put := A^' } for i' ^ i, 

(,f f,):= (A«,...,A( i ),A( <) + l,...,A» 1 + l) ) 
and v — (y^ ■*). Then we obtain an isomorphism 

(4) £Zm (i , : M c (t, A) M c (t, v) 

3 

of moduli stacks. The correspondence (E, V, {if}) i— > V, {Zj^})<8>0c(£i) also induces an isomorphism 

(5) bi:M c (t,X)-^M c (t,v) 

where ^ = Xj ' for i' ^ i, vf = xf — 1 and u — (v^- ^~)v j. 

Looking at the change of A by the transformations Elm .(») and bi, we can easily see the following 

. j _ 

proposition, which is useful in considering Ricmann-Hilbcrt correspondence in section [5] 

Proposition 3.1. Composing the isomorphisms ai, bi, b^ 1 and Elm.(i) for i = 1, . . . , n given in ffl). 01) 
and we obtain an isomorphism 

(6) a:X c (t,A)^Alc(t, / x) 
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of moduli stacks of parabolic connections, where < Re(/i^) < 1 for any i,j. 
As a corollary, we obtain the following: 

Corollary 3.1. Take A G Ai n \d) and fi € Ar (df) which satisfy rh(X) = rh(fi) € Ar , where rh is the 
morphism defined in £7J). Then we can obtain by composing ai,a~ ,bi,b^ and Elmji) an isomorphism 

a:M C (t,\) J1 +Mc(t,tl) 
of moduli stacks of parabolic connections. 
Proof. Applying Proposition 13. II we obtain an isomorphism 

a:M C (t,\) -^Mc(t,^) 
of moduli stacks of parabolic connections, where < Re(z^) < 1 for any i,j. We may farther assume 
that < vy for any i and j < j' . Applying Proposition 13 . II again, we have an isomorphism 

a' :Mc(t,n) Mo(t,v). 

Then 

(a')- 1 ° a : M C (t, A) M C (t, 
is a desired isomorphism. □ 

4. IRREDUCIBILITY OF THE MODULI SPACE 

In this section we will prove the irreducibility of M° (t^, A), which is the fiber of M", T (t,r, d) over 

(x, A) G T x A r n \d). We simply denote C x by C, t x by t = (*i, . . . , t n ) and t\ H h i„ by D(t). First 

consider the morphism 

(7) det:M£(t,A) — ► M c (t, det (A)) 

(£,V,{/f })^(det£,det(V)), 

where det(V) is the logarithmic connection on det E induced by V and det(A) = (Y^jZo *j € 

A^ (d). Note that a line bundle with a connection is always stable. We can also construct Mc(t, det (A)) 
as an affine space bundle over Pic^. whose fiber is of dimension 

h°{£nd(det E) <g> fij,) = ft°(0^) = <?. 

Thus Mc(t, det(A)) is a smooth irreducible variety of dimension 2g. 

We can prove the smoothness of the morphism J7J). Indeed let A be an artinian local ring over 
Mc(t, det (A)) with maximal ideal m, / an ideal of A satisfying ml — and take any A/J-valued point 
(E,V,{lf}) of Mg(t, A). We write (25, V, {l} }) := (B.V.Ofpi/m and put 

J$ := |s G £nc2(2?) Tr(s) = and s(ti){l^ l) ) C ^ for any 

J^ 1 := |s G £nd(2?) <g> Q^(£>(t)) Tr(s) = and sfeX*^) C ^ for any i, j| 

We define a complex J 7 * by 

Then the obstruction class for the lifting of (E, V, {ij }) to an ^4-valued point of M"(t, A) lies in H 2 (J r *). 
We can see by the same way as the proof of Theorem 12.11 that 

H 2 (J^) = (ker(22°(^°) -> i/ (^))) V 

and we can see by the stability of (E, V, {if}) that kex(H°(J^) -► H°{T^)) = 0. Hence the morphism 
det in Q is smooth. 

From the above argument, it is sufficient to prove the irreducibility of the fibers of the morphism J7J 
det : M"(t, A) — * Mc(t, det (A)) in order to obtain the irreducibility of M"(t, A). So we fix a line bundle 
L on C and a connection 

V L : L — > L®fl 1 c (t 1 -\ \-t n ). 
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We set 

Mg(t,\,L) := {(£,V,{/f }) G Mg(t,A)| (det E, dct(V)) - (X,V L )} . 

Then we can see that Mg(t, A, L) is smooth of equidimension (r — l)(2(r + l)(.g — 1) + to). 

Proposition 4.1. Assume that g > 2 and n > 1. T/ien M"(t, A, L) is an irreducible variety of dimension 
(r-l)(2(r + l)(s-l) + ro). 

Proof. By taking elementary transform, we can obtain an isomorphism 

a:W c (t,A,L)AM c (t I A' I L') 

of moduli stacks of parabolic connections without stability condition, where r and deg L' are coprime. 
Consider the open subschcmc 

N := {(£?, V, {if}) £ Mg(t, A, L) a(E) is a stable vector bundle} 

of M°(t,A,I). We will see that TV is irreducible. Let Mc(r,L') be the moduli space of stable vector 
bundles of rank r with the determinant V . As is well-known, Mc(r,L') is a smooth irreducible variety 
and there is a universal bundle £ on C x Mc{r 1 L'). Note that there is a line bundle C on Mc(r, L') such 
that det(£ ) = L® C. We can parameterize the parabolic structures on £ s (s £ Mc{r 1 L')) by a product 
of flag schemes 

n 

U ■= JjFlag(£| ttXMc (r,L'))' 



i=l 



which is obviously smooth and irreducible. Let {l^} be the universal family over U, where 



£u\tixu — Iq 3 l\ l> D 



T(i) 



is the filtration by subbundles for i = 1, . . . , n such that dim(f^) s /(fj^ 1 ) s = 1 for any i, j and s £ U. 
Consider the functor Conny : (Sch/U) — > (Sets) defined by 



Conn^S) = ^ V : £ s -> ® "c(^ (*)) 



V is a relative connection satisfying 
(res tiXS (V) - Af )(lf) s C (fgjs for any i,j 
and dct(V) = (V L )s ® £ S 



We can define a morphism of functors 

Conmy — > Q uot A^ (t) ®£/cxc//;7 

^■D(t) ® ^c/ 3 (a, ^ e ^ + V„(e) e £[/ 

which is representable by an immersion. So there is a locally closed subschemc Y of Quot^ ®£/cxU/u 

which represents the functor Conny. We will show that Y is smooth over U. So let V : £y — > £ y <X> 
fi^(Z)(t)) be the universal connection and put 

== {s G £nd(£) |lr(s) = and a| tiX y ((^V) C (Z"f)y for any i, j} 

Tl := {s G £nd(£) ® «c(^(t)) - and reSt iX y(s)((jf )y) C for any 

Let A be an aritinian local ring over U with maximal ideal m and / an ideal of A satisfying ml — 0. Take 
any A/ I-valued point x of Y over [/. We put x := x^A/m. Then the obstruction class for the lifting of x 
to an A-valucd point of Y lies in J ff 1 (J r 1 (g)fc(x))(g)/. We can see that H 1 (T£®k(x)) 2* H°(J r $(g>k(x)) v = 
because £ £g> fc(x) is a stable bundle. Thus Y is smooth over U. We can see that the fiber Y s of any point 
s £ U is isomorphic to the affine space isomorphic to -ff°(^ r o ® ^( s ))- So F is irreducible. Consider the 
open subscheme 

y' := | a; e F o-- 1 (£ x ,V(g,k{x),{(lf) x }) is a-stablc} 
of y. Then we obtain a morphism Y' — ► M"(t, A, L) whose image is just AT. Thus AT is irreducible. 
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For the proof of irreducibility of M"(t,A, L), it is sufficient to show that dim(M"(t, A, L) \ N) < 

dimMgf(t,A,L) = (r - l)(2(r + l)(g - 1) +rn). Take any member {E,\7 E ,{ l f}) e cr(M"(t, A, L)\N). 
Let 

= E Q c -Bi C £ 2 C • • • C E s = E 
be the Harder-Narasimhan filtraion of E. Note that s > 1 because r and deg-E = degL' are coprime. 
Put Ek := Ek/Ek-i for fc = 1, . . . , s. For each E k , there is a Jordan-Holder filtration 

= fif»cf cf c.-c£« m '»=4 

We put := /E^~ 1] for i = l,...,m fe . Put r[ j) = rank^ j) and djj. j) = deg-E^. We can 
parameterize each E^ by the moduli space M(r k \d k ^) of stable bundles of rank ri^ and degree dj^ 
whose dimension is dim Ext 1 (E k \ E^). Replacing M{r k \d k ^) by an etale covering, we may assume 
that there is a universal bundle £ k ^ on C x M(r i j \d[ j) ). If we put 



®det(#>) *L , 



,0'h c TT ^^0) ^ 

then X is smooth of dimension — g + X^fe=i 2j=i dim Ext 1 (e£ 7 ' ) , e£^ ) . Replacing X by its stratification, 
we may assume that the relative Ext-sheaf F,xtQ xX ^ x (£^\£^) becomes locally free. We put := X 



and £^ := £ k ^ £^ if the extension 



splits. Otherwise we put 

K2) 



_^ 4 2 ) _ 4 2 ) 



W?> :=P» (Ext^^^f,^)) 
and take a universal extension 

— (4 1} )^> ® 4 2) — 4 2) — (4 2) )^> — 

for some line bundle C^f* on W k 2 \ We define and £*jp inductively on j as follows: Replacing wjf -1 ^ 
by its stratification, we may assume that the relative Ext-sheaf Ext 1 - y_i) - ((^'^jyU-i),^' -1 ^) 

k I k 

is locally free. Then put W { / ] := wjf~ 1] and £ { k j) := © (^^O) if the extension 

— 4 j - 1} — > 4 j) — > E« — > 

splits and otherwise we put 

^fc j) : = P * ( Ext cx^'- 1 V^" 1> ^^ ) ^"" 1) '^ 
and take a universal extension 

— (et 1 ^ 9 — 6? — — 

for some line bundle on W [ k l] . We can see by the construction that the relative dimension of W k mk ^ 
over X at the point corresponding to the extensions 

— E^ 1 ' — 2#> — SjW — (j = 2, . . . , m k , E« = £«) 

is at most 1 - m k + Ei< t<J < mk dim Ext 1 (E^ , E^ ) . We put 

^:=T^ 1 (mi) x x - x x M>i ms) 

and ffc := (£ j (," lfc ' ) )yi/ for k = l,...,s. Replacing W by its stratification, we assume that the relative 
Ext-sheaf Ext CxW / w (£2, £\) is locally free. Then we put W2 := W and £ 2 := £1 © £2 if the extension 

— > Ei — > E2 — > E2 — > 

splits and otherwise we put 

W 2 :=P* (Ext^^^a.fi)) 
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and take a universal extension 

— > (£i)w 2 ®C 2 ^£ 2 ^ (£ 2 ) W2 — > 

for some line bundle £ 2 . We define Wk and £fc inductively as follows: Replacing Wk-i by its stratification, 
we assume that the relative Ext-sheaf Ext CxVKfe _ i / w ^ fc _ i ((£ k )w k -i > £fc-i) is locally free. Then we put 
VKfe := and £fc := Ek ® £fc-i if the extension 

— ► -Efe-i — > — > Ek — > 

splits and otherwise we put 

VF fe := P* ^ExtJ 7xW - l ._ l/w - l ._ 1 ((^fe)w Jb _ 1 ,f fe _i)^ 
and take a universal extension 

— ► (£k-i)w k ® £fc — ► ffe — ► (^fe)w fc — ► 

for some line bundle on W^. Then we can see that the dimension of W s at the point corresponding 
to the extensions 

= E CE 1 C---E S =E, E k = E k /Ek-i 
= 4°) c C • • • C = £ fe , = E^/Et 1] 

is at most 

~ 9 + E E dim Ext 1 (E? ,^ } ) + E E " + dim Ext ' ^ > ^ )) 

fc=l j = l fc= 1 l<i<i<m^ 

+ 1 -*+E E dimExt 1 ^,^) 

s rrik s I 

^EW^-^ + ^ + E l-m fe + E + 

fc=l i=l fe=l V l<-i<j<mfc 

- 5 + 1 - s + E E ('Wfo - !) + ^ - !) 

l<i<mfc ,l<j<m k / 
s m^. s 

<EE(^) 2 (5-i)+E E ^Wfo-i) 

fc— 1 i=l fe— 1 l<i< i 7<mfc 

-5 + 1+ E E 2rW(ff-l) 

= (r 2 -l)(.g-l) 
because we have 5 > 1. Consider the product of flag schemes 

n 

Z:=rjFlag(£| tlXWs ) 

i=l 

over VF S and put £ := (£ s )z- Then there is a universal parabolic structure 

£\ tiX Z = % ) Dl < i i) D---D%l 1 Dl? ) =0. 
The dimension of Z at the point corresponding to the extensions 

= Eq c E\ c • • • E s = E, Ek — Ek/ Ek-i 
= 4 0) C C • • • C = £ fe , = ^V^"^ 

and the parabolic structure 

E\ u = i« D Z« D • • • D Z« x D = (i = 1, . . . ,n) 
is less than (r 2 - l)(g - 1) + r(r - l)n/2 = (r - l)((r + l)(g - 1) + rn/2). 
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Consider the functor Conn z : (Sch/Z) — > (Sets) defined by 
Conn z (S) = { V : £ s -> £ s <8> ^c(B(t)) 



V is a connection such that 



(res tiXS (V) - A^)((#')s) C (ifjs for any i, j 
and det(V) = \7 L (g> £ via an identification 
£ = L <g £ for some line bundle £ on S 



We can see that Conn^ can be represented by a scheme B of finite type over Z. Let 

V :£ B £ B ®^c{D{t)) 

be the universal connection. If we put 

To ■= [u G £nd{£) Tr(u) = and u\ Uy , Y {(lf) Y ) C (f5°) y for any t, j} 

^"o : = { u G £™d(£) (g nj,(£)(t)) Tr(u) = and restixvfaX^V) C ©i)y for any i, j} 



then the fiber B^ of B over a; G Z is isomorphic to an affine space of dimension /i°(Bq <g k(x)). Put 



B' := | a; G B 
Then there is a canonical morphism 



cr 1 (£ x , V (g fc(a;), {fj l) (g fc(a;)) is a-stable} . 



V> : B' — > Mg(t,\,L)\N. 



Since the dimension of the auotomorphism group of the parabolic bundle [£ ® k(x), {if <g k(x)}j is I + 

h°(J r §®k(x)) for x G B' anddimcoker(B°(B °®fc(>)) -» B°(J c ' 1 ®A:(a;))) = (r-l)((r+l)(#-l)+rn/2), we 
can see that dim ip(B') < (r—l)(2(r + l)(g—l)+rn). Note that M§(t, A, L)\N can be covered by a finite 
union of such tp(B')'s. So we have dim(Mg(t, A, L)\N) < (r — l)(2(r + I) (5 - 1) + m). Thus the moduli 
space M"(t, A, L) is irreducible because it is smooth of equidimension (r — l)(2(r + I)(.g — 1) + rn). □ 

Proposition 4.2. Assume that g = 1 and n > 2. T/ien M"(t, A, L) is an irreducible variety of dimension 
r(r — l)n. 

Proof. Composing certain elementary transforms, we obtain an isomorphism 

a:M c {t,X,L) -Z+M c (t,\',L'), 
where r and deg L' are coprime. Put 

N := { (B, V, {/J- }) G Mg(t, A, L) a{E) is a stable bundle} . 

As in the proof of the previous proposition, we can show that N is irreducible. So it suffices to show that 
dim M"(t, A, L) \ N < r(r — l)n because M"(t, A, L) is smooth of equidimension r(r — l)n. Take any 

member (E, V, {if}) G o-(Mg(t, A, L) \ N). Let F s C B s _i C • • • C Bi = E be the Harder-Narasimhan 
filtration of E. Note that s > 1. We can inductively see that the extension 







Fp/Fp+i — * E/F p+ i — ► B/B p 







must split for p = 2, . . . , s, where we put B s+ i = 0. Then we have a decomposition B = E\ © • • • © E s , 
where each E p is semistable and /u(Bi) < /_t(B 2 ) < ••• < fJ,(E s ). We can write B p = 0jLi-^k.?'i 



where each B Pi j is a succesive extension of a stable bundle B p 



0) 



and B p a) ^ B p w for j ^ k. We can 

(7) 

G m , where each d is a succesive non-split extension of F p ' . We put 



see that B, 

Jj) . 



P,3 



Gi 



/ „ := rank Bp"'' 1 and d p 



rankBp (j) . Let M c (r p J >,d p J > ) be the moduli space of stable bundles on C of 



So) JJ) 



rank r p ^ and degree dp'". Replacing M c (r p ' ,d p ') by an etale covering, we may assume that there is 
universal bundle on C x Mc^j, 3 ',^')' We can construct non-split extensions Gi, . . . ,Q m of T p 
such that Bp. 
put Bp j := 6 



7O) 



„(j) JJ) 



(Gi ffi • • • © Sm) ® &(£o) for the point x of Mc{r p \d p ^) corresponding to F p 
■ ■■ ®G m and 



0) 



U) 
p 

We 



l<p<s,l<_?<r p 



(g)dct (Bpj-gfc^))) = L 
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Then dimVF = — 1 + J2p=i r v We put £ := ®j p F p ,j- Then parabolic structure can be parameterized 
by the product of flag schemes 

n 

U :=l[F\ag(£\ UxW ) 

i=l 

over W. The relative dimension of U over W is r(r—l)n/2. Let {if} be the universal parabolic structure 
on £ v . Note that 

s r P 

End(£ ® k(x)) =00 End(J" pj <g) fc(jc)) ® Hom(J" pj ® fc(x), ® fc(jc)) 
p=l j=l p<<3 j,k 

for a point x £ W and the group 



,(p.g) 



e Horn (jr pj fe 



acts on the fiber U x of U over x. Note that we can take a section a € Hom(.Fpj ® k(x),J r qi k <8> fc(z)) with 
a(ti) 7^ or a(t 2 ) 7^ if p < g. Then modulo the action of G x , ll 1 } 1 ® fc(y) and ^ x ® (y G ?7 X ) can 
be parameterized by an algebraic scheme whose dimension is at most 2r — X)p=i r p ~ 2. So we can take a 
finite number of subschemes Y\, . . . , Y\ of U such that dim Y < —1 + X)p=i r p + r ( r — l)n/2 — X^p=i r p = 

r(r - l)n/2 - f and U»=i ^x(^i)a: = ^ f° r an y point x eW. We put Y := JJi=i Replacing Y by its 
stratification, we may assume that the dimension of 

F° := {s e End(£ y ) |Tr(s) = and s^X^s, C (/J.° )„ for each i, j} 

is constant for y GY. There exists a scheme over Y such that for any Y-scheme S, we have 

V is a relative connection such that 



Z(S) = { V : £ s - £5 ® nj,(ti +■■■+«„) 



(res tsXS (V) - )((^) s ) C (jgjs for any i,j 
and det(V)) = (Vz,)(g)£ 



We can see that each fiber of Z — > Y over y e Y is an affine space isomorphic to 

Fy = {s e Hom(^,^ ® + • • • + *„)) Tr(s) = and res ts (s)(?;% C {ifjy for any i, j} . 

Let V : £z — > £z (8) + • • • + t n ) be the universal relative connection. If we put 

Z s :={yeZ a- 1 ((£, V, {if}) ® jfe(y)) is a-stablc} , 
then there is a natural morphism / : Z s — > M"(t, A, L). For each z £ Z consider the homomorphism 
V* : F° ® fc(js) — ► F^ 1 ® jfc(«); V*(s) :=V 2 os- S oV z . 

Then the group Staby of automorphisms g of the parabolic bundles (£y, {{lf)y}) acts on the fiber Z y 
and the tangent map of the morphism Stab,, 9 g \— > e Z s is just the homomorphism V* which is 
injective. Thus the dimension of the image f{Z s ) is at most 

dimFjJ - dimF° + dim Y = r(r - l)n/2 + dim Y < r(r - l)n - 1. 

Since Mgf(t, A, L) \ TV is a finite union of such /(Y)'s, we have dim(Mg(t, A, L)\N) < r(r - l)n. □ 

Proposition 4.3. Assume that rn — 2(r + 1) > and r > 2. T/ien Mpi (t, A, L) is an irreducible variety 
of dimension (r — l)(rn — 2r — 2). 

Proof. First we will show that the Zariski open set 

N := {(£,V,{jf }) e M° 1 (t,A,L)|dimEnd(S,{^ ) }) = l} 

is irreducible. There exists an integer n such that = for any V, {if}) € Mpi(t,A, L). 

Then we can easily construct a smooth irreducible variety X and a flat family of parabolic bundles 
(E, {l^}) on P 1 x X over X such that the set of geometric fibers is just the set of all the simple 
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parabolic bundles (E, {if}) satisfying h 1 (E(n)) = and det_E = L. We can take an isomorphism 
det E = L ® C for some line bundle C on X. The functor Conn^ : (Sch/X) — > (Sets) defined by 

V is a relative connection satisfying 



Coim x ({7) = ^ V : E v -> E v % Qpi (D(t)) 



(res t ,(V) - \f>)((jP)u) C (frlju for any i,j 



and det(V) = (V L ),y ®C 



is represented by a scheme Y of finite type over X. We can see by the same proof as Proposition ^. II that 
Y is smooth over X whose fiber is an affine space of dimension /i°((JFq) 2: ) for x <E X, where 

3% = {s G £nd{E) ® n pl (D(t)) Tr(s) = and res ti xX (s) (if ) C lf t for any . 

So Y is irreducible. Let 

V : E Y — > E Y ®Mpi(ti^ h t n ) 

be the universal relative connection and put 

Y' := | j/ e F (£, V, {Z^}) <g> fc(y) is a-stable} . 

Then a morphism Y' — > MSi (t, A, L) is induced whose image is just N. Thus TV becomes irreducible. 

In order to prove that MSi(t,X,L) is irreducible, it suffices to show that dim(Mp! (t, A, L) \ N) < 
(r — l)(rn — 2r — 2) because Mp\(t, A, L) is smooth of equidimension (r — l)(rn — 2r — 2). Take any 

member (E, V, {if}) € Mp\(t, A, L) \ AT. We can write 

£ S O p i ( ai ) ffiri © O p i (a 2 )® r2 © • • • © O p i (a s )® rs 

with a! < a 2 < ■ • ■ < a s . If ^ x (t Opi (a 2 ) ffir2 | tfc © • • • © C P i (a s )® rs | tfe for some k, then we replace 
{if}) by its elementary transform along tk by i^-i) which is isomorphic to the bundle 

Opi (oi - l)®^ 1 © Opi ( ai ) © Opi (a 2 - l)® r2 © • • • © Opi (a s - l)® r ° 

with a certain parabolic structure. Repeating this process, we finally obtain two cases: 

(E^O P i(a)® r 

\lf x C C P i(a 2 )® r2 | tl © • • • © P i(a s )® r °\ u for all i and n > 0. 

Consider the case E = Opi (a)® r . Tensoring Opi (—a), we may assume E = OpT- For a suitable choice 
of a basis of Opi, we may assume that 

fili = k(ti)ei + fc(*i)ea + ■ • • + *(*i)ei 
for i = 1, . . . , r, where ej is the vector of size r whose j-th. component is 1 and others are zero. Then the 
group of automorphisms of E fixing ifli, ^r-2> ■ ■ ■ > ^ s 

B = {(aij) € GL r (C) (ay = for i > j} . 

We put 

p(l) := max |p v p 7^ for some (v\, . . . , u r ) € • 

/ 2 \ 

Applying a certain automorphism in B, we may assume that l r _ 1 = fc(i 2 )e p (i). Inductively we put 

:= max |p v p 7^ for some (v\, . . . , u r ) € and p 7^ for any j < i| . 
Applying an automorphism in B which fixes /^-ij • • • i v-i+i> we ma y assume that 

lr\ = *r-i+l +*(*2)e p (i). 

Then the group of automorphisms of E fixing both {if 1 } and {if} is 

£?' = {(dy) € GL r (C) oy = for i > j and a p (i) p (j) = for i > j'} . 
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Applying a certain automorphism in B' , we may assume that can be generated by a vector w = 
(w\, . . . , w r ), where each Wi is either 1 or 0. Note that we have n > 3 by the assumption of the proposition. 
The group of automorphisms of E fixing {if^} and is 



?" = {(« 



B" = (oij) G GL r (C) 



a i3 = for i > j, a p{i)p{j) = for i > j 

and there is c G C x satisfying a^Wi + ^2 a-ikWk — cwi for any i 



Since the parabolic bundle (E, {l^}) has a nontrivial endomorphism, there is with i < j and 

p(i) < p(j) or there is some i satisfying Wi — 0. Note that r > 3 or n > 4 because we assume that 
rn — 2r — 2 > 0. First assume that r > 3. If uVj) = MVj) = 1 and p(i) < p(J) for some i < j, 
then we apply an automorphism of the form (oh) such that = 1 if fc =^ p(i), au — if k ^ I and 
(fc,Z) 7^ (p(i),p(j)), a p (i) p (i) = 1 — c and a p u) p (j) = c for some c G C\{1}. Then we can parameterize 
modulo this action by an algebraic scheme whose dimension is less than r — 2. If u>i = for some i, then 
we apply an automorphism of the form (aw) such that a^k — 1 f° r k ^ i, an = c (c G C x ) and = for 
fc 7^ /. Then l r ! 2 can be parameterized modulo this action by an algebraic scheme of dimension less than 
r — 2. Next assume that n > 4. Then we apply an automorphism as above for each case and z' 4 ^ can 
be parameterized by a variety of dimension less than r — 1. Taking account of all the above arguments, 
we can parameterize parabolic bundles (E, {l^}) satisyfing E = Opi and dimEnd(.E, {Z^}) > 1 by an 
algebraic scheme of dimension less than (r — l)(rn/2 — (r + 1)). 

Consider the case when E ^ C P i(ai) ffiri • • • C P i(a s ) ffirs with n > and C O p i (a 2 ) ffir2 |t 4 © 
• • • © Opi (a s )® rs |t ( for any i. For each i, we consider an identification Opi(ai)® Ti \ ti — C Ti and denote 

(i) 

by the element of this vector space whose j-th component is 1 and others are zero. We put 

p(l) := min jp \v p 7^ for some (v\, . . . , v s ) G where V{ G Opi (ai) fflri | tj for any i j . 

Applying an automorphism of E, we may assume that is generated by e^jj^ with j(l) = 1. Induc- 
tively we put 

p(i) := min jp ju^ 7^ for some ^ v j P ^ e< f^ e Z^-j where (p, j) 7^ (p(k),j(k)) for any fc < i j , 

lying an a 
where we put 



Applying an automorphism of E fixing Z^ 1; . . . , Z^-i+n we ma y assume that Z^- = Z^ i+1 + k(ti)e~^\ 



:= 1 + max ({0} U < i and p(i') = p(i)}) . 

Then each is generated by e^[^, . . . , e^j^ and the group of automorphisms of E fixing {Ij 1 ^} is 

j pq ,i<pq< s { a fkh<o<r P ,i<k<r q € End(0(a,) r «,0(a p ) r »') for each (p,g) 1 

" l^^^p.^*^. ( a (f ) g Aut(0(a p )^) and o^g}(ti) = for i > i' J ' 

Note that we have < if i' < i and p(i') = p{i). We will also normalize {l^p}- First we put 

0/(1), -i'(l)) := min {(p, -j) |^ (p) 7^ for some ]T «, (p) ef G J^} , 

where we consider lexicographic order on the pair (p, — j). Applying an automorphism of E fixing {^}, 
we may assume that is generated by e^S9\ Inductively we put 



(p'{i), -f(i)) ■= min |(p, -j) 



£ for some £ v^e^ G lf\ and 



(P,j) + (P'(k),j'(k)) for any k < i 

Applying an automorphism in B fixing z£-i> • • • 1 'r-i+n we ma y assume that = Z^-i+i + k(t2)e^^K 
Then the group of automorphisms of E fixing {/]^} and {^} is 

= {Kk)\fM\<k<u e B |4'(&'S^) - for i > l} . 

Applying a certain automorphism in B' , we may assume that l r _i can be generated by a vector w — 
w< f^ e< f\ where each is either 1 or with respect to a certain identification Opi (a p )\ t3 = C. Then 
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the group of automorphisms of E fixing {if}, {^p} an d Z^-i IS 

B" = {(o£)i!?< a Si<*<r. e B ' I fOT somc c e C *> = cwf for any p, j } . 

Note that p(l) > 2 because Z^ C Opi (a 2 ) 0r2 | tl 6 ■ ■ ■ © £> P i (a s ) ffir = | tl . If w[ 1] ^ and w'fff ^ 0, then 
there exist elements (a^j?) of £?" satisfying a^/j (is)^ 1 ^ + ^mj/n^jn)'' = w jn)^> a jf = 1 f° r (P>j) 7^ 

(p(l),j(l)) and a^ 9 '' = for (p, j) 7^ (g, fc) and (p,j) 7^ (p(l), j(l)). Applying such automorphisms, lfl 2 
can be parameterized modulo this action by an algebraic scheme of dimension less than r — 2 when r > 3 
and ^-1 can be parametrized modulo this action by an algebraic scheme of dimension less than r — 1 
whenn > 4. If wff = for some (po,jo), then we apply an automorphism (a^|) in £?" satisfying aP? = 1 
for 7^ (po, jo), a ^oJ r " = c (c e C x ) and a^f. = for (p,j) 7^ (g, fc). Then zj^ 2 can be parameterized 

modulo this action by an algebraic scheme of dimension less than r — 2 when r > 3 and can 
be parameterized modulo this action by an algebraic scheme of dimension less than r — 1 when n > 4. 
Therefore we can parameterize parabolic bundles (E, {if}) satisfying E = O p i (ai) 0ri © • • -®O p i (a s ) ffirs 

and lf_ j C Opi (a 2 ) er2 | ti © ■ ■ ■ © O p i (a s ) ffir = | ti for any z by an algebraic scheme of dimension less than 
(r - l)(rn/2 - r - 1). 

From all the above arguments, we can construct an algebraic scheme Z of dimension less than (r — 
l)(rn/2 — r — 1) and a flat family (E,{lf}) of parabolic bundles on V\ over Z such that the set of 
the geometric fibers of (E,{lf}) is just the set of parabolic bundles (E, {if}) satisfying ranki? = r, 

deg£ = d, dimEnd(£, {if}) > 2 and h 1 (£(")) = 0. Note that the functor Conn z : (Sch/Z) — ► (Sets) 
defined by 



Connz(S') = { V : E s -» E s ® Opi (ij + • • • + t n ) 



V is a relative connection satisfying 
(res tsXS (V) - \f)(lf)s C (Z^Js for any i, j 
and dct(V) = (V L )s ® £ 



can be represented by a scheme W of finite type over Z. Let V : Ew — > % ^pi (ii H h i n ) be the 

universal relative connection. Then there is a stratification 

W= ]J W m , 

m>(r—l)(rn/2—r—l) 

where 

W m = {p G W jdimi/ ^ 1 O fc(p)) = m} . 

Here we put 

^ = {«£ £ncZ(£) ® Q pl (ii + • • • + t„) Tr(s) = and res ti xZ (s) (if ) C Z^j for any i, j} . 
Then the fiber of W m over peZis isomorphic to ® k(p)) = C m if it is non-empty. If we put 

VC := [p G W ro V, -Cf5°» fc W is «" stablc } , 

then a morphism / : W m — > Mpi(t,A, L) is induced. Note that we have to show that f(W' m ) < 
(r — l)(rn — 2r — 2) in order to prove the inequality dim(Mpi (t, A, L) \ N) < (r — l)(rn — 2r — 2). 
Since dim W' m < m + dimZ < m + (r — l)(rra/2 — r — 1), it suffices to show that dim/ _1 (g) > m — 
(r — l)(rn/2 — r — 1) for every q G /(M 7 ^). Let (E, V, {^'}) be the parabolic connection corresponding 
to q. Take any point z G Z satisfying (E,{lf}) ® fc(z) ^ (^{i^}). Note that the fiber (W m ) z of 
14^ over z is isomorphic to the affine space isomorphic to iJ°(J rl <g> fc(z)) = C m . We will show that 
dim((W^ l ) z n f~ 1 (q)) >m—(r— l)(rn/2 — r — 1). There is a canonical action of the group Aut(£?, {^}) 
on the fiber dim(W I '„) z and we have f(gp) = p for any p G (W{ n ) z n f^ 1 (q) and 5 G Aut(_E, {ij }). Since 
the tangent map of the orbit map Aut((£', {f^}) ® fc(^)) 9 5 h jjj e (^m)z i s tri c linear map 

H ^ ®k{p))^ H^iT 1 ®k(p)) : s^Vs-sV 
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which is injective by the stability of (E, V, {1^}) <8> fc(p), we have 
dim((W m ) z n /-*(«)) > dimH°(T° <g> fc(p)) 

= dim if (J 71 ® jfe(p)) - (r - l)(rn/2 - r - 1) 
— m — (r — l)(rn/2 — r — 1). 

Here we put 

T a = is G £nd(£) Tr(s) = and s^xz^' ) C ^ } for any . 
So we obtain the desired inequality dim/ _1 (g) > m — (r — l)(rn/2 — r — 1). □ 

5. RlEMANN-HlLBERT CORRESPONDENCE 

We take a point x E T and denote C x and simply by C and t. We also denote the fiber of 
Mg, T (t,r,d) over xeTby Mg(t,r,d). Sending (E, V, {li l) }i<t< n ) to ker V an \c\{t u -,t n }, we obtain a 
holomorphic mapping 

RH, : Mg(t, r, d) — RP r (C,t), 

which makes the diagram 

Mg(t,r,d) RHx i RP r (C,t) 



commute. Here r/i : Ar"^(d) 9 A = (A^ ) i— > a = (a ? ) G ^4f is defined by 



JJ(X - exp(-2 7 r^A} i) )) =X r + af_ x X r ~ l + ■■■ + afx + af 

3=0 

for £ = 1, . . . , n. If we denote the fiber of M°(t, r, rf) over A G Ar (d) by M"(t, A), then RH^ induces a 
holomorphic mapping 

RH (I , A) : Mg(t,\) — ► i?P r (C, t) B 
for rh(X) = a. In this section we will prove the properness of this morphism RH( X ^ and obtain Theorem 
12.21 In order to prove the properness of RH/j. ^, it is essential to prove the surjectivity of RH^ X ) an d 
compactness of every fiber of RH^ X )- For the proof of the surjectivity of RH^xj, it is essential to use 
the following Langton's type theorem: 

Lemma 5.1. Let R be a discrete valuation ring with residue field k = R/m and quotient field K. 

Take a flat family (E, V, {/j }) of parabolic connections on C x Speci? over Speci? whose generic fiber 

(E, V, {Z^ }) ® K is OL-semistable. Then we can obtain, by repeating elementary transformations of 

(E, V, {Zj }) along the special fiber C x Specfc, a flat family (E 1 , V, {I'f^}) of parabolic connections on 

C x Speci? over Speci? such that (E', V', {l'f } }) <8> K (E, V,{^ } }) <g> K and (E',V,{l'f}) ® k is 
OL-semistable. 



Proof. This is just a corollary of the proof of [[7], Proposition 5.5]. □ 

Proposition 5.1. The morphism RH^ ^) : M(Z(t,X) — ► RP r (C, t) a is surjective for any A G Ar(d) 
satisfying rh(X) = a. 

Proof. By Proposition ^. II we obtain an isomorphism 

(8) a:Mc(t,X)-^Mo(t,fi) 

of moduli stacks of parabolic connections, where < Ke(fi^) < 1 for any Note that a induces an 
isomorphism 

Mg r (t,A)^Mg r (t,/x), 

where Mg T (t,A) (resp. M£ r (t,fi) is the moduli space of irreducible (t, A)-parabolic connections (resp. 
(t, /x)-parabolic connections). By construction, we have RH( Iifl ) oa \M irl (t,X) = lM irr (t,A)- 
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Consider the restriction 

RH ( ,, A) : Mg r (t,A) — > RP r (C,ty™, 

of RH, where M"(t, A) is the moduli space of irreducible parabolic connections and RP r (C, t)£ r is 
the moduli space of irreducible representations. For any point p G RP r (C, t)j^ r , p corresponds to a 
holomorphic vector bundle E° on C \ {fi,...,i n } and a holomorphic connection V° : E° — > ® 
f2p\{ tl t i- By Proposition 5.4], there is a unique pair V) of a holomorphic vector bundle E 1 on 
C and a logarithmic connection V : E —* E®Vt} J {t 1 + - ■ •+<„) such that (E, V)|cYrti,...,t„} = (£°,V°) and 
that all the eigenvalues of res ti (V) lies in {z G C|0 < Re(z) < 1}. We can take a parabolic structure {if} 
on £7 which is compatible with the connction V. Then {E, V, {if}) becomes a (t, /x)-parabolic connection 
such that RH( X)ft ) (E, V, {if}) = p. Thus we have cr" 1 ^, V, {Z^}) G Mg r (t, A) C Mg(t, A) (note that 

an irreducible parabolic connection is automatically ct-stable) and RH^ ^fir -1 ^^,!^})) = p. 

So it is sufficient to show that any member [p] G RP r {C, t) a corresponding to a reducible representation 
is contained in the image of RH^ ^, in order to prove the surjectivity of RH( x xv The fundamental 
group 7Ti(C\{ti, . . . , t n }, *) is generated by cycles a\, (3\, . . . , a g , (3 g and loops 7$ around t j for i = 1, . . . , n 
whose relation is given by 

g n 

n«i&«r 1 /r 1 IlTi = 1 - 

i=l 3=1 

Since n > 0, the fundamental group is isomorphic to the free group generated by the free generators 
a>i,f3i, . . . , a g ,P g , 71, . . . , 7 n _i. So the space Hom(7Ti(C \ {tt, ■ ■ ■ , t n }, *), GL r (C)) of representations is 
isomorphic to GL r (C) 29+n_1 and it is irreducible. Thus there exist a smooth affine curve T and a mor- 
phism / : T — ► Hom(7Ti(C \{ti, . . . , <„}, *), GL r (C)) such that the image f(po) of a special point p G T 
corresponds to the representation p and the image /(??) of a generic point 77 G T corresponds to an irre- 
ducible representation. Since the morphism / corresponds to a family of representations of the fundamen- 
tal group 7Ti(C\{ti, . . . , t n }, *), we can construct a holomorphic vector bundle E° on (C\{ti, . . . , t n }) x T 
and a holomorphic connection V° : E° — > £7° ® Q}^, r tl f ra }) X T/T such that (£j°, V°)|(c\{i 1 ,...,t„})xi7 cor " 
responds to the representation f(rj) which is irreducible and (E°, ^°)\(C\{ti,...,t n })xpo corresponds to the 
representation p. By the relative version of [0], Proposition 5.4], we can construct, after replacing T by 
a neighborhood of po if necessary, a holomorphic vector bundle E on C x T and a relative connection 

V : E — > £? ® ^c(*i ^ 1" *«) sucn tnat (-^j ^0l(c\{ti,...,t„})xT — (E°,\7°) and that all the eigenvalues 

of resti(V <S> lies in {z G C| — e < Re(z) < 1 — e} for any t G T, where e > depends on the residue 
of V <S> k(po). We can take a flat family of parabolic structures {Tj } on E which is compatible with 

V and (E, V, {ft }) becomes a fiat family of parabolic connections over T. Note that the transform a 
in (??) canonically extends to a transform a : M.\ — > .M2, where A^i is a neighborhood of A^c(t, A) 
in the moduli stack .Mc(t, d) of parabolic connections and M.2 is a neighborhood of .Mc(t,£t) in 
■Mc(t, r, cf) for some d! . Then we obtain a flat family <r~ 1 (i?, V, }) of parabolic connections, whose 
restriction to C x 77 is irreducible for generic r\ G T. By Lemma 15.11 we can obtain, after replacing 

T by a neighborhood of poi a A&t family (E',V,{l'j }) of a-semistable parabolic connections over T 

such that (£■', V', {l'f})\cx(T\{ Po }) — ^ -1 (-^> V, {^})|cx(T\{p })' Since we take a so generic that a- 
semistablc a-stable, this family determines a morphism g : T — » Af"(t, A, £). By construction, we 
have RH(,.^(j(po)) = [/>]• Hence RH^ v is surjective. □ 

Remark 5.1. It was not obvious in Proposition 14.11 14.21 and 14.31 that the moduli space M"(t, X,L) is 
non-empty. However, we can see now that it is in fact non-empty in the following way: We first take 
a simple parabolic bundle (E, {if}) of rank r on C such that det E = L. For the existence of such a 
parabolic bundle, we may assume, by taking cetain elementary transform, that r and deg L are coprime. 
Then the existence for g > 1 follows because the moduli space of stable bundles of rank r with the fixed 
determinant L on a curve of genus g > 1 is non-empty. For the case of C = P 1 , we may assume that 
E = Opi and we can take a parabolic structure {if} on E such that End(i?, {if}) — C because n > 3. 

We want to construct a connection V : E — > £7 ® + " " + ^n) such that (£7, V, {^j) becomes a 

(t, A)-parabolic connection with the determinant (L, Vl). The obstruction class for the existence of such 
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a connection lies in H 1 (J-q), where 

Tl = \s G Snd(E) ® fi£,(ti + • ■ ■ + i„) Tr(s) = and res tl (a) (7^ ) C ^ for any i, j| . 
If we put 

T% := ts G £nd(.E) Tr(s) = and s\ u (lf) C Z^ for any , 
then we have an isomorphism H 1 ^) = H°(^) v . Since End(£:, {if}) ^ C, we have H°(F$) = and 

so H 1 ^) = °- Tnus tncre is a connection V : E ->• £7 ® O^fai H + t n ) such that (E, V, {if}) 

becomes a (t, A)-parabolic connection. If this connection is irreducible, then (E, V, {if}) becomes te- 
stable and the moduli space M"(t, A, L) becomes non-empty. If (E, V, {zj 1 '}) is reducible, then we take 
the representation p of m(C \ {ti, ■ ■ ■ ,t n }, *) which corresponds to ker(V a ™|c\{ti, ...,*„})■ [p] determines 
a point of RP r (C, t) a , where rh(X) — a. Since RH^x) is surjective, we can take an a-stable (t, A)- 

parabolic connection (E', V, {l'f}) with the determinant (L,V L ) such that KH( Xt x)(E',V,{l'f}) = 
[p\. Hence we have Mg(t, A, L) ^ 0. 

Proposition 5.2. Every fiber of RH( X x) : -^"(tjA) — * RP r (C,t) a is compact. 

Proof. Take any irreducible representation p € RP r (C, t)^ r . We want to show that the fiber RH^fp) 
in M"(t, A) is compact. By Proposition 13. II we can obtain an isomorphism 

a : M c (t,X) Mc(t,fi), 
where A4c(t, A) (resp. .Mc(t, fi)) is the moduli stack of (t, A)-parabolic connections (resp. (t, ^t)-parabolic 
connections)) without stability condition and < He((j,f) < 1 for any i,j. Then a induces an isomor- 
phism 

a:Mi?(t,\)^M i S T (t,n) 
between the moduli spaces of irreducible parabolic connections. Note that M§ T (t, A) C M"(t, A). So a 
also induces an isomorphism 

By Proposition 5.4], there is a unique pair (E, Ve) of a bundle E on C and a logarithmic connection 
Vb : -E — > £® fi^(ti + ■ ■ • + i„) such that the local system ker(V™)|c\{t 1 ,...,t„} corresponds to the repre- 
sentation p and all the eigenvalues of rest^V^) lies in {z G C|0 < Re(z) < 1}. Then the fiber RH^^p) 

is just the moduli space of parabolic structures {if} on E which satisfy (rest^Vs) — pf)(lf) C lf x for 
any So RH7 ,(p) becomes a Zariski closed subset of a product of flag varieties. Thus RH^^p) 
is compact. Since the fiber RH^^p) of RH^ xj over p in Mg(t, A) is isomorphic to RH7 ,(p) via 
cr, it is also compact. 

Now take a reducible representation [p] G RP r (C,t) a . We may assume p = pi • • • © p s with each p p 
irreducible. We can sec that RH^^p]) is a constructible subset of M"(t, A). So it suffices to show that 

RH7^s([p]) is stable under specialization in the compact moduli space Mc {t),a ' {r,d,{l} x <i< nr ), in 

order to prove the compactness of RH7. 1 ^,([p]). Here Mq a ,/3 ' 7 (r, d, {l}i<i< nr ) is the moduli scheme 
of (a 1 , f3, 7)-stable parabolic -triples appeared in Theorem l3.ll which contains M°(t, A) as a locally 
closed subscheme. Take any scheme point X\ € RH^dp]) an d a point x a of the closure {x±} of {xi} 

m M^ a ''^(r,d,{l} i<i<nr)- Let K be the residue field fc(xi) of x\. Then there exists a discrete 
valuation ring R with quotient field K which dominates O xo . The inclusion O xo R induces a flat 
family (Ei, E2, F*(Ei)) of parabolic A^^-triples on C x Speci? over R. Here the left OcxSpccfl- 
homomorphism <I> : A]-,, t N ® E\ — ► E% corresponds to a pair (</>, V) of an OcxSpccit-homomorphism 
4> : E\ — > i?2 and a morphism V : £1 — > i?2 ® + • • ■ + t n ) satisfying V(as) = $>(s) ® da + aV(s) for 

a G OcxSpcc/?. and s G #1. We also denote (E x , E 2 , <£, F*(Ei)) by (£\, £? 2 , <j>, V, Let 77 be the 

generic point of Spec i? and £ be the closed point of Spec R and put 

(E^.^V, £*(£!)) := (£\,£ 2 ,0,V,F*(£\))® AT 

^V'.F.C^)) := (E~i,E2,4>, V, F*(Fi)) ® fc(£). 
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Note that <j> is isomorphic and = (ft) 1 o V becomes a connection on E :— Ej. There exists a filtration 

(0,0) = (F(°\V (0) ) c (FW,V (1) ) c ••• c (fW,v (s) ) = (E,V E ) 

such that each (F( p )/F( p_1 ), V( p )) is irreducible, where V( p ) is the connection on / 'F^ p+1 ^ induced 
by V( p ). We may assume that (F^ / F^ 1 ^, V( p )) corresponds to the representation p p . The filtration 
{(F(P\ W^)} induces filtrations 

= FfcF 2 (1 »C-CF 2 (s) =£ 2 

such that each F^ ) /F^ 1) is flat over i? for j = 1,2 and F x (p) <g> if = F^, F 2 (p) ® if = ftF^). By 
construction, we have 0(f , 1 (p) ) C F 2 (p) and V{f[ p) ) C F 2 (p) <g> H h t„). Let 

|W : p[ p) /P[ p - 1] — » F 2 (p) /# 2 (p_1) 
VW : F^/P[ p - l) — » F 2 (p) /F 2 (p - X) ® fl^t! + . . . + t„) 

be the morphisms induced by </> and V. We can construct a parabolic structure on (F^/F (p™ 1 ), V( p )) 
and obtain a (t, A^^-parabolic connections of rank r p and degree d p . Extending this parabolic structure, 
we can obtain a flat family parabolic structures F*(f[ p ^ / F^ -1 ^) on F^ /F^ p ~ 1 \ Repeating elementary 
transforms of the flat family 

{f[ p) /f[ p - 1 \f! p) /f^- 1 \W ) ^\ f*{f[ p) /f^-V)) 

along the special fiber C x {£}, we obtain a flat family (G'^ , G' 2 P \ ft^\ V'^ , F*(G'^ )) of (a' p , (3 p , j p )- 
semistable A^^ t ^-triples for some weight (a' p , (3 p ,-f p ). We may assume that (a' p , f3 p , 7 P )-seminstable <£> 
(a' p , p , 7 P )-stable. This flat family defines a morphism 

/ : Speci? — > M° (t) ' a '' ft *(r ? , ( i p ,{l}i< i < nrp ). 
Note that the moduli space M" p (t, A^) of a p -stable (t, A' p ^)-parabolic connections for a certain weight 
a p is a locally closed subscheme of M c ' p ' v '' P (r p , d p , {l}i<i< n r P ) an d the image /(Specif) is con- 
tained in the moduli space M"'(t, A^). Since (G'*\ G'^\ ft P \ V' <8> if is equivalent to the irre- 
ducible connection (F^/F^ -1 ), V( p )) which corresponds to a constant family of the irreducible repre- 
sentation p p , RH^ A (p)-,(/(Specif)) becomes one point [p p ], where RH^ X ( P) ^ is the morphism 

HH (S)AW) : ilC(t,A^) — > i?P rp (G,t) a(p) 

determined by Riemann-Hilbert correspondence and rh(X^ p ') = a^ p '. Since RH~ 1 A(p) ^ ([p p ]) is compact 
by the previous proof and /(Specif) is contained in RH7 A(j ,),([p p ]), the closure of /(Specif) must be 
contained in HH~^ x(p) ^([p p ]). In particular, /(£) is contained in RH ( T ; 1 A(p) ^ ([p p ]) C M""(t,A^). So 

the special fiber (G'^, G' 2 P \ P , V'^ P \ F*(G'^)) ® fc(£) becomes a (t, A ' p ^) -parabolic connection which 
implies that ft^ <8>fc(£) must be isomorphic. Then <^>( p ) <g>fc(£) also becomes isomorphic and ft — ^<8>fc(£) 
must be an isomorphism. Let {lj^} be the flat family of parabolic structures corresponding to F*(Ei). 
Then we have (res ti (V) - \f } ft u ® R )(lf) C 0(^ x ). Thus (E[ , E' 2 , ft, V, F*(E[)) e M"(t, A) which is 
equivalent to xo £ M°(t, A). Therefore RH^jdp]) is stable under specialization. Hence RH^'^dp]) 
becomes a compact subset of M"(t, A). □ 

Proof of Theorem 12.21 We will prove that 

RH (I , A ) : Mg(t,\) — > i?P r (G,t) a 

is an analytic isomorphism for generic A and gives an analytic resolution of singularities of RP r (C, t) a 
for special A. First note that RP r (C, t) a is an irreducible variety since by Proposition 15. II it is the image 
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of the irreducible variety M"(t, A) by RH^ A ). We set 
RP r (C,t)** :=\[p}eRP r (C,t) 



p is reducible or 

dim (hsr uo(7i) — exp(— 2-k\J — l\^)I r ^j J > 2 for some i,j 



where 73 is a loop around ti for 1 < i < n. Then we can see that RP r (C, t) a ng is a Zariski closed subset of 
RP r (C, t) a . We will see that it is a proper closed subset. Since dimMgf(t,A) = 2r 2 (g~ 1) +nr(r- 1) + 2 
and RHj^j) is surjective, we have dim i?P r (C, t) a < 2r 2 (g — 1) + nr(r — 1) + 2. On the other hand, 
RP r (C,t) a is a Zariski closed subset of the r 2 (2g + n — 2) + 1 dimensional irreducible variety RP r (C,t) 
defined by nr — 1 equations given by 

(9) det(X/ r - p( 7i )) =X r +a i ; ) _ 1 X r - 1 + --- + a[ l) X + 4 l) (* = l,...,n). 

Note that the equation det(p(7i)) • • •det(jo(7„)) = 1 = (— l)"^^ • • • effl is automatically satisfied and 
so the condition ^ is in fact equivalent to nr — 1 equations. So we have 

dimi?f > r (C,t) a > r 2 (2g + n- 2) + 1 - (nr - 1) = 2r 2 ( 5 - 1) + nr(r - 1) + 2 

and then we have dim RP r (C, t) a = 2r 2 (.g - 1) + nr(r - 1) + 2. First consider the locus i?P r (C, t)j[ r n 
RP r (C, t)® mg in RP r (C, t)| lng corresponding to the irreducible representations. By Proposition 13. II we 
can obtain an isomorphism 

( r:X c (t,A)^Xc(t,At), 

where < Re(p^) < 1 for any i.j and .Mc(t, A) is the moduli stack of (t, A)-parabolic connections and 
so on. a also induces an isomorphism 

Take any point [p] G RP r (C, t) a r n RP r (C, t) a Ilg . By [0, Proposition 5.4], we can take a unique pair 

(E, V) of a vector bundle £ on C and a logarithmic connection V : E — » P ® f2j;(ti H + t n ) such 

that ker V a ™|(7\{ tl ... fii } corresponds to the representation p and all the eigenvalues of res ti (V) lies in 
{z 6 C|0 < Rc(z) < 1}. Then the fiber RHT.^Qp]) is isomorphic to the moduli space of parabolic 

structures {lj} on E whose dimension should be positive because pp = pp for some i and j 7^ j' and 
the automorphisms of (E, V) are only scalar multiplications. So the fiber RH7 ^([p]) also has positive 
dimension. For a generic point £ of RP r {C, t)J r n RP r (C, t) a lng , we have 

dimRH^J A) (0 + dim € (&P P (C, t)^ rr n RP r (C, t)| ing ) < dimMg r (t, A) 

= 2r 2 (g - 1) + w(r - 1) + 2. 

Thus we have dim (RP r (C, t)£ r n PP r (C, t)| ing ) < 2r 2 ( 5 - 1) + nr(r - 1) + 2 = dimPP r (C, t) a . Next 
we consider the locus RP r (C, t) a ed C RP r (C, t) a ng corresponding to the reducible representations. For 
a point [p] of RP r (C, t) a ed we may write p = pi © p 2 - If pi is a representation of dimension fj and its 
local exponent data is for i = 1,2, then the set of such [p] can be parameterized by RP ri (C, t) ai x 
PP r2 (C, t)a 2 ■ Note that the assumption rn — 2(r + 1) > for g = 0, n > 2 for g = 1 and n > 1 for 5 > 2 
implies 

dim(PP ri (C,t) ai x JiP r2 (C,t) a2 ) = 2r\(g - 1) + nn(n - 1) + 2 + 2r 2 ( 5 - 1) + nr 2 (r 2 - 1) + 2 

< 2(n + r 2 ) 2 (.g - 1) + n(n + r 2 )(ri +r 2 - 1) 
= dimPP,.(C*,t) a - 2. 

Since RP r (C, t)!j ed can be covered by a finite numbers of the images of such spaces, we have 

dim RP r (C, t)™ d < 2r 2 (. 9 - 1) + nr{r - 1) + 2 = dim PP r (C*, t) a . 

Thus PP r (C*,t)| ing becomes a proper closed subset of PP r (C,t) a . If wc set RP r (C,t){ := PP r (C*,t) a \ 
RP r (C, t) a ng , then it becomes a non-empty Zariski open subset of RP r (C, t) a . We put M"(t,A)' := 
RH^ 1 A -j (RP r (C, t) a ) and consider the restriction 

RH ( z, A) U/ ?( t,A)« : M£(t, A)« — > PP r (C,t) a . 
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Recall that a induces an isomorphism a : M™(t,A)' -^-> M"(t,/j,)$ which is compatible with RH. 
For any point [p] of RP r (C, t)*, we can see by [0], Proposition 5.4] that there is a unique (t,fi)- 
parabolic connection (E,V, {lj}) such that RH( X V, {if }) = [p] because the parabolic struc- 
ture is uniquely determined by (E,V). So RH( I (1 ) gives a one to one correspondence between 
the points of Af°(t,/x)" and the points of RP r (C, t) a . We can extend this correspondence to a cor- 
respondence between fiat families. Thus the morphism M"(t,fi)' <3: ' M> > RP r (C, t)^ becomes an 

isomorphism and so M"(t,A)" (3: ' A) > RP r (C, t) a is also an isomorphism. Hence the morphism 

RH( IiA ) : M"(t,A) — > RP r (C,t) a becomes a bimeromorphic morphism. If A is generic, we have 
M"(t, A)" = M"(t, A), #P r (C,t) a = RP r (C, t) a , and so 

RH (I , A) : Mg(t, A) — ► RP r (C,t) a 

is an analytic isomorphism. 

In order to prove the properness of RHjj ^, we will use the following lemma due to A. Fujiki: 

Lemma 5.2. (|7J, Lemma 10.3) Let f : X — > Y be a surjective holomorphic mapping of irreducible 
analytic varieties. Assume that an analytic closed subset S of Y exists such that codimy S > 2, X* := 
f-i(Y*) is dense in X, where V' = Y \ S and that the restriction f\x« '■ X* — > V' is an analytic 
isomorphism. Moreover assume that the fibers f~ 1 {y) are compact for all y € Y . Then f is a proper 
mapping. 

Applying the above lemma and using Proposition 15.11 and Proposition 15.21 it suffices to prove that 
codim/j.p r ( Ct - )a (i?i :> r (C, t) a lng ) > 2 in order to obtain the properness of RH^ X )- Recall that we have 
dim RP r (C, t) a cd < dim RP r (C, t) a — 2. On the other hand, M"(t,A)" is a non-empty Zariski open 
subset of Mg(t, A) and so we have dim (Mg(t, A) \ Mg(t, A) 8 ) < dim M£(t, A) - 1. Since the dimension 
of every fiber of the surjective morphism 

Mg r (t, A) \ M§(t, A)» RH( * A) ; RP r (C, t)| ing n RP r (C, t)* 1 

has positive dimension, we have 

dim (RP r (C, t)| ing n RP r {C, t) j r ) < dim (Mg r (t, A) \ M§(t, A)") - 1 

< dim A/°(t, A) - 1 - 1 = dim RP r {C, t) a - 2. 

Thus we have codimpp^ t ) a (PP?-(C, t) a ng ) > 2 and obtain the properness of RH( X ^) by Lemma HT21 In 
particular, RH^^j : Af"(t,A) — * RP r (C, t) a gives an analytic resolution of singularities of PP r (C, t) a 
for special A. By the same argument, we can see that the morphism 

RH : Af° /T (t,r,d) — ► RP r (C,t) x ^ A^(d) 

is also a proper mapping. □ 

Remark 5.2. Under the assumption of Theorem 12. 21 PP r (C, t) a is a normal variety and the locus 

p is reducible or 1 
dim (kcr (p("fi) — exp(— 271-%/— lA^)I r ^ > 2 for some i, j J 

is just the singular locus of PP r (C, t) a . 

Proof. Note that RP r (C,t) is a Cohen-Macaulay irreducible variety by [0, Theorem 4 (2)]. In the 
proof of Theorem 12. 21 we showed that RP r (C, t) a a Zariski closed subset of RP r (C,t) defined by nr — 1 
equations and it is of codimension nr — 1 in RP r (C,t). Thus RP r (C, t) a is Cohen-Macaulay. Since 
PP r (C, t)^ is isomorphic to Af™(C,t)", i?P r (C,t)| is smooth. So PP r (C,t) a is regular in codimension 
one because codim R p r ( C ,t) !i {RPr(C, t) a lng ) > 2. Therefore RP r (C,t) a is a normal variety by Serre's 
criterion for normality. 

We will prove that every fiber of RH^ X ) over a point of RP r (C, t) a lng has positive dimension. For 
a point [p] S PP r .(C,t)! i rr n RP r (C, t)| ing , we have already showed in the proof of Theorem l2~2l that 
dimRH^^Qp]) > 1. Sotakeapoint [p] € RP r (C, t) a cd . By Proposition l3~Tl we can take an isomorphism 

cr:A4c(t,A) AA<o(t,/») 



PP r (C,t)f g = <^ [p] ei?P r (C,t) a 
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of moduli stacks by composing elementary transformations and so on, where < Rje(pf) < 1 for any 

First we assume that p is an extention of two irreducible representations pi , p2 and that pyf ^ pf for 
an y j 7^ j' ancl an y *• We denote the dimension of pi by r^. Since RH( X) x) is surjective by Proposition l5.il 
there is an a-stable (t, A)-parabolic connection {E,V E,{lf}) such that RH^ x) (E, Vg, {ft*'}) = [/>]■ 
We put a(E,\7 E ,{lf}) = {E',\7 E ,,{l'f}). Since fif ^ pf} for any j ^ / and any i, the parabolic 
structure {l'f} is uniquely determined by (E', Vs'). So we nav e 

End(E', V B = End(£', V^, {zf ) }) S End(£, V E , {if}) 

which is isomorphic to C because End(-E, V ' e, {if*}) is a-stable. Then (E' , V ' e>) can not split. Thus the 
representation pe 1 corresponding to ker ^e^\c\{u, ...,*„} can n °t split and so we may assume that pe' is 
given by matrices 

w w-(*w f\) /.,<*)-(»»> *v 

V pi\pLh)) \ p 2 (/3fe, 

pB'(7i)= f Pl( n 7i) (l<fc<ff, l<i<n-l). 

Note that pE'{"fn) is uniquely determined by the above data. Consider the family of representations over 
M(ri,r 2 , C) 2g+n ~ 1 given by matrices 

_( P i{a k ) Af+A k \ - mA _fpi(P k ) B®+B k 



P(7i) = f Pl( n 70 C *°\ + ?*) (! < * < 9, 1 < i < n - 1), 

where matrices ^4fc,-Bfe(l < < <?),C,*(1 < z < rt — 1) move around in M(ri, r 2 , C) 29+n_1 . Applying 
the relative version of [@], Proposition 5.4] and the transform cr" 1 , we can obtain an analytic flat family 
(E,V,{!f}) of (t, A)-parabolic connections on C x M(r 1 ,r 2 ,C) 29+n - 1 over M(n, r 2 , C) 2 ^' 1 " 1 which 
corresponds to p. We denote the point of M(r±, r 2 , C) 29+rl_1 corresponding to A k — B k — C% — 
(1 < k < 5, 1 < i < n ~ 1) by p . Then the fiber of (E, V, {Z^ 3 }) over p is just (£, V B , {if}) which is 
a-stable. So there is an analytic open neighborhood U of po such that every fiber of (E, V, {ft*'}) over a 
point of U is a-stable. Then the family (E, V, {ft })u induces a morphism / : U — > M"(t, A) such that 



/([/JcRH^fM), The group 

G 



tt/ ri V 

I r2 



u e C x 

VGM(ri,ra,C) 

acts on M(ri, r 2 , C) 2s+ra_1 by the adjont action. If f(x) = f(y), then there is an element g e G such 
that x = gy. So we have dim/(J7) > (2g + n— l)riX2 — (rir 2 + 1) > 1, since we assume rn — 2r — 2 > 
if g = 0, n > 2 if g = 1 and n > 1 if g > 2. In particular, we have dimRH^, ^([p]) > 1. 

Next we consider the case r > 3 or n > 2 and no assumption on the reducible representation p. We 
may assume that p is an extension of two representations pi, p 2 and denote the dimension of pi by r^. For 
each p = 1,2, there is an a p -stable (t, /x p )-parabolic connection (E p , Ve p , {(lp)f }) for some weight a p 
such that RH (l ^)(£ p , V_b p , {(Zp)j l) }) = [p p ] and < Re((/i p )* 4) ) < 1 for any We put d p := degE p . 
If we put A := {z € C||z| < e} (e > 0), then we can take morphisms 

mp:A— ►AW( ( y (p=l,2) 

such that m p (0) = /x p and for m p (t) = {{p' p )f} (t £ A \ {0}), we have (p' p )f ? {p' pl )f for (p,i,j) ? 
{p'i h j')- Replacing A by a neighborhood of 0, we can take a morphism <p p : A — ► M" f (t, r p , d p ) which 
is a lift of m p and satisfies tp p (0) — (E p ,Ve p , {{lp)f})- The composite RHo^ determines a family p p of 
representations over A and pi®p 2 determines a morphism cp : A — * RP r (C,t) such that </?(0) = [p] and for 
< G A\ {0}, the representation corresponding to <p(t) satisfies the condition considered in the former case. 
Then we have dimRH -1 (tp(t)) > 1 for any t € A \ {0} by the proof of the former case. Since the base 
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change RH^ : M"(t, r, d)& — > A is a proper morphism, we can see by the upper semi-continuity of the 
fiber dimension of a holomorphic mapping that dim(RHA) _1 (0) > 1, which means dimRHT. A -)([p]) > 1. 

Finally assume that r — 2 and n = 1. In this case we have g > 2 by assumption of Theorem 
12.21 By Proposition 15.11 we can take an a-stable (t, A)-parabolic connection (E, V, {if}) such that 

RH(£, V, {if}) = [p\. We put a(E, V, {if}) = (E', V, {{l')f}). Note that the local monodromy ^(71) 
is trivial for i = 1,2, because pi is a one dimensional representation and n = 1. So the representation pe> 
corresponding to ker(V') a "|c\{ tli t»} can be given by the following data: 



pM=(^ f ) P EI {(i k )=( P ^ k) f 

V P2{a k )J \ p 2 (/ 



(l<k<g). 



Note that the monodromy matrix 

( ^ ( l c(0) 

PE'hi) = I x 

is given by 

PgiPgY 1 Pg^aT 1 Pg{Pg)Pg{a g ) ■ ■ ■ PiiPgT 1 Pii^gT 1 Pg{P g )p g {a g ). 

By the openness of stability, we may assume that p\ =^ pi- If c' ' 7^ 0, then we can prove in the same 
manner as the first case that dim^ v ^(0^ ^H^ 1 ^ ([p]) > 2g — 2 > 0. If — 0, then we may assume 

by the openness of stability that ^ { (n) } ■ Consider the family of representations given by matrices 

# afc)= 4 0) +M p((3 k ) = ( Pl ^ k) b f ( + B \ k ) (l<k< 9 ), 

where a*;, 6ft (1 < k < g) move around in {cfe = 0} C C 2s . Here Ck is given by 

I c *) = p{p g )- 1 p{a g )~ 1 pii3 B )p{o tg ) ■ ■ ■ mr'p^ir'm)^!)- 

Adding parabolic structure, we can obtain a family (E', V', {(T')^}) 01 (t, A») 

-parabolic connections over 

a variety F of dimension at least 2g. If we put 



Y 



' := {y S Y cr- 1 (E , ,V,{(l , )f})(g>k(y) is a-stable} 



we obtain a morphism f ;Y' —> M"(t,A). We can see that f'{yi) — f'{y2) if there is an isomorphism 
ip : (£", V') <g> fc(yi) ^ V') (g> % 2 ) such that ® %i)) = (0^ ® ^M- The isomorphism tp 

corresponds to an isomorphisms between the representations p yi , /5j, 2 which is given by an element of the 
group 

q °j c£C x .aeC 

So we have dirn/'(Y') = dimF'-2 > 2 ff -2 > 0. Since f'(Y') C RH7* ([/>]), we have RH7* A) (|>]) > 0. 

From all the above argument, we have in any case that dimRH _1 ([/>]) > 1 for any [p] S RP r (C, t)| mg . 
Now take any point p E RP r (C, t)| lng . We want to show that p is a singular point of RP r (C,t) a . 
Assume that p is a non-singular point of RP r (C,t) a . By Proposition 16.21 there is a non-degenerate 

2-form cj on M"(t,A). Via an isomorphism M"(t,A)' ^? RP r {C, t) & , we can obtain a non-degenerate 
2-form w' on RP r (C,t) a such that RH'j a)( cj ') = w liWg(t,A)»- w ' can be extended to a form defined 
also in a neighborhood of p because codim^p r (c,t) a {RP r (C, t)™ 18 ) > 2 and we are assuming that p is 
a non-singular point. Since dim x RH7 ^ (p) > 1 for a point x G RH7. A s(f>), there is a tangent vector 
O^uG @iWg(t.A).x such that (RH^^j),^) = 0. For any tangent vector w <G ©Mg(t,A),x) we have 

= (RH^ A) o;')(»),id)=«'((RH m )»W,(RH m ),W) = 0. 

Since w determines a non-degenerate pairing on the tangent space ©Afg(t.A).xi we have v = which is a 
contradiction. Thus p is a singular point of RP r (C,t) a . □ 
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6. SYMPLECTIC STRUCTURE ON THE MODULI SPACE 

Proposition 6.1. Put (C, t) = (C x , t x ) for a point ieT and take a point A £ Af 1 (d). Then the moduli 
space M™(t, A) has a holomorphic symplectic structure (more precisely an algebraic symplectic structure) . 

We can obtain the above Proposition by the following two propositions. 

Proposition 6.2. There is a nondeqenerate relative 2-form lu E H°(M!?;r r (t, r, d), il 2 - ). 

v C / Ty ' ' ; ' M£ /T {t,r,d)/TxA)?->(d)' 

Proof. Take a universal family [E, V, {lj }) on C M^ T (t, r, d). We define a complex T* by 
T Q = {s e £nd(E) | S | t - xM ~ T{i ^ d) (lf) C if for any 

T 1 = [s e £nd(E) ® fi£ /T (D(t)) \ns iiKMS/T ^ r ^{a){^ i ) C /J+i for an y M'} and 
Notice that there is an isomorphism of sheaves 

R (^"^(t.r.d))*^*) * e M^ /T (t,r,d)/TxA<." ) (<i)' 

where 7r M o. /r( t,r,<i) : C x t M£ /T (t,r,d) -> M° /T (t, r, d) is the projection and M o> T (t,r,<i)/rxA{. n) (<i) is the 
relative algebraic tangent bundle on the moduli space. For each affine open subset U C MJ*, T (t, r, d), we 
define a pairing 

H X (C x T C/,^) ® H X (C x T U,T' V ) — H 2 (C x T C/, «cx T [//c/) = ^(Op) 
[{u Q/3 }, {v Q }] <X> {<}] ^ [{Tr(u Q/3 o v'p) - Tr(w Q o u' af} )} - {Tr(u Q/3 o u^)}], 

where we consider in Cech cohomology with respect to an affine open covering {U a } of C Xt U, {u a p\ € 
C 1 (^ r0 ), {w Q } € C ^ 1 ) and so on. This pairing determines a pairing 

Take any point x £ M", T (i,r,d) which corresponds to a (t, A)-parabolic connection (E, V, {if})- A 
tangent vector v e r „ . a(i»)/j\U corresponds to a flat family of (t, A)-parabolic connections 

(E,V,{lf}) on x SpecC[e]/(e 2 ) over C[e]/(e 2 ) which is a lift of (E,V,{lf}). We can see that 
uj\ x (v ® u) S H°(fi£j -^-^ H 2 (J 7 ') is just the obstruction class for the lifting of (E,W,{lf}) to a 
flat family over C[e]/(e 3 ). Since the moduli space M"(t,A) is smooth, this obstruction class vanishes: 
w| x (w <S> v) = 0. Thus cj is skew symmetric and determines a 2-form. For each point x G M^ T (t, r, d), let 

be the homomorphism induced by u>. Then we have the following exact commutative diagram 
H°(F° X ) ► H%Fl) > H\T' X ) ► H\^ x ) > H\Tl) 



b 3 



where b%, . . . , 64 are isomorphisms induced by the isomorphisms JF° = (JF 1 ) V ® f^/T' ^ — (•^ r °) V ® ^c/t 
and Serre duality. So £ becomes an isomorphism by five lemma. Hence lo is non-degenerate. □ 

Proposition 6.3. For the 2-form constructed in Provosition \6.'A we have du = 0. 

Proof. It suffices to show that the restriction of u> to any generic fiber M° (t, A) over T x A, {d) is 
d-closed. We may assume A generic, and so A^- — xf £ Z for any i and j 7^ f. We also denote the 
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restriction by uj. Let [E, V,{fj^}) be a universal family on C s x M° (t,A) over M,?(t, A). We set 
^° := [s e £nd(E) \a\ UxM ^ tiX) (l^) C for any i, j} 

^ := {s G £nd(E) g> + • •• + i n ) |res tiXM - (t,A)(s)(^ ) ) C Z^l for an y *>i} 

V^-. — ^.F 1 ; V^.(s) = Vos-soV. 

We also put 

V := kerV an | (CA{tl ,..., tn})xM £ (t,A)- 
Since there is a canonical isomorphism 

kerV^"|(c,\{t 1 ,...,t n })xM«(t,A) £nd(V), 
we obtain a canonical homomorphism 

(11) kerV^.| CsXM «(t,A) -^M£nd(V)), 

where j : (C s \ {h, . . . ,t n }) x A/™(t, A) C s x M™ (t, A) is the canonical inclusion. We can check by 
local calculations that the homomorphism is in fact an isomorphism. We can also check by local 
calculations that V^i : (T°) an — > (T 1 ) an is surjective. So we obtain an isomorphism 

R-Vm c « ( t,A))*((^T") ^ R\-km? s it ,x))*(j*(£nd(V))) 

of analytic sheaves. Then uj corresponds to a canonical pairing 

r1 (k m « (t,\))*(j*(£nd(V))) x R 1 (TT M ^ {t ,x))*U*(£nd(V))) — > # 2 (7r M ~ (t ,A))*(7r M ~ (t,\)(°M~ (t.A))) 

([{ca/j}], {{c' aP }]) ^ [Tr(c Q/3 o c ^ 7 )]. 

Note that i? 2 (vr M = (t ,A)),(%« ( t ,x)(°if c °(t,X))) - °Af^(t,A)- 

Take any small open subset M C M™ (t, A) and open covering {U a } of C s such that € = 1 

for any i and that jj(f/ a n {ti, . . . , in}) < 1 for any a. If we replace U a and Af sufficiently smaller, 

iffir- 

: V|(7 aX M ^ E a ® Om- For each a, /3, we put 



there exist a sheaf _E a on C/ Q such that E a \u an u l3 = C® r nu , for any [3 ^ a and an isomorphism 



<Pq/3 := (j) a ° 4>p ■ Ep® C>M\{u a r\Up)**M — ► V\(u a nu f) )xM E a ® 0M|([r a n!/ ? )xM- 

So V| CsXM c« ( tj jg is given by transition functions {</3 Q /3}. Next we consider a vector field w G H°(M, 8m). 
i> correspnds to a derivation Z?^ : O^/ — * Om which naturally induces a morphism 

D v : Hom(Ef3\ UanUl 3, E a \ UanUl3 ) <g) O m — * Hom(Ep\ UanU? , E a \ UocnUl3 ) (g> M - 

v also corresponds to a morphism /„ : Spec 0m [e] — ► M, where e 2 = 0. Then (lc s x f v )*(V) corresponds 
to a glueing data {(lc s x fvYiVap)}- We can see the following equality: 

(lc s x f v )*{<p a p) = <p a p + eD v (ip al3 ) : Ep\ UariUe (g> M [e] —> E a \u a nu p ® Om[c] 

a + eb <p a p(a) + e((p a p{b) + D v (ip a p)(a)). 

So the isomorphism Om = R 1 ('KM)*{j*{£nd(y))M) is given by 

T M 9 u i-> o D v (tp a p) o 0^}] e J? 1 (7rM)*(i*(^nd(VM)))- 

and 

v) = [{Tr(D u (tp a p) o D v (ipf3 7 ) o </J 7 a)}] € ^(^mM^m^m)) ^ £> M - 
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Thus we have 

dw(u, v, w) — D u (uj(v, w)) + D v (u(w, u)) + D w (ui(u, v)) + u)(w, [u, v]) + oj([u, w],v) + u(u, [v, to]) 
= | Tr (p u {D v {<p a p) o D w (ippj) o ip ia ) + D v (D w (ip a p) o D u ((pp 7 ) o tp ja ) 
+ D w (D u (<p a p) o D v (ipp ) + D w (Lp a/3 ) o (D U D V - D v D u )((p 01 ) o 

+ (D U D W - D w D u )(tp af3 ) o D v (ipp 7 ) o ip ia + D u {ip a0 ) o (D V D W - D w D v ){ip^) o (/j 7a J j 

= | Tr (D u D v ((p a p) o D w ((p0 7 ) o (p ia + D w (ip a p) o D u D v (ippy) o ip ia 
+ D u D w (ip al 3) o D v ((pp 7 ) o ip ia + D v {<p a p) o DuDwfafa) 
+ D v D w (ip a p) o D u (ippy) o ip ia + D u (ip aj3 ) o D v D w ((p^) 
+ D u (ip a p) o D v ((ppy) o D w (ip ia ) + D v (cp a p) o D w (tpp~ ( ) o D u (ip ia ) 

+ D w (ip a/3 ) o D u (ip 07 ) o D v {ip ia )\ }. 
On the other hand, applying D U D V D W to tp a p o ipp^ = ip aj , we obtain the equality 

- D u D v D w (ip a p)(pi3y + D u D v D w (cp a7 ) - (p a /3D u D v D w (ipj3r r ) 
= D u D v (ip a p) o D w ((pp^) + D w (tp a p) o D u D v (ipf3 7 ) 

+ D u D w (ip a p) o D v (<pp^) + D v (tp a p) o D u D w (ip Pl ) 

+ D v D w (ip a p) o D v (ippi) + D u (ip a p) o D v D w (ipf3^) 

which implies 

-d{Tr(D u D v D w (ip a p)tp/3 a )} = { Tr \ D u D v {<p a p) o D w (ipp^) o p ia + D w (ip a p) o D u D v ((pp 7 ) o tp ja 

+ D u D w {tp al3 ) o D v ((ppj) o tp ia + D v (ip a p) o D u D w (tpp~,) o (^ 7Q 
+ D v D w (ip a p) o D u (pp 7 ) o p 7a + D„(v5 Q/3 ) o D v D w (ippy)) o </3 7Q H. 

We can also check the equality 

Tr (D u (tp a p) o D v (ipp y ) o D w (cp^ a ) + D v (tp a p) o D w (ipp 7 ) o D u (ip ya ) 

+ D w (ip a p) o D u (ipp~() o D v (tp 7a ) i 

= Tr f - D ll (ip a p)D v (ipp a )D w (ip a p)ipp a + D u {<p ai )D v ((p ia )D w {<p ai )(p ia 

- D u {ipp 1 )D v {ip^p)D w {ipp 1 )ip ia 

which means 

- d{Tr(D u (^ a ^)D„(^ a )£) l( ;(^ a , / a)^ Q ,)} 

= | Tr \ D u (<p a p) o D v (ipp 1 ) o D w {ip ia ) + D v (tp a p) o D w (tp^) o D u (tp ja ) 

+ D w (ip a0 ) o D u ((pp~[) o D^(^ 7Q ,)J |. 

Thus we can see that dco(u, v, w) = 0. □ 

Remark 6.1. (1) Put (C,t) = (C x ,t x ) for a point x <E T and take A S A^ n) (d). Let (L,V L ) be a pair 
of a line bundle L on C and a connection Vl : L — > L ® f2^(£)(t)) such that res ti (Vi) = X)J=o • 
Consider the moduli space M™(t, A, L) of a-stable parabolic connections with the determinant (L, Vl). 
Then we can see by the same proof as Proposition l6.2l that the restriction u>\Mg(t,\,L) °f w t° ^^c (*> 
is also non-degenerate. So M"(t, A, L) also has a symplectic structure. 

(2) By PropositionO we obtain a splitting Q M?/T[l<r>d)/A _W {d) = ^*6 T © ® M ~ T(i<r>d)/TxA W {d y With 
respect to this splitting, we can lift lu to Q G H°(£l 2 . r „, ) and we have g?cj = 0. This 2- form 

(D is nothing but the 2-form considered in ^U] and Note that we have Q ■ v = for u S £>(7t*8t), 
where D is the homomorphism given in Proposition l7.il 
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7. ISOMONODROMIC DEFORMATION 

Let T — ► T be a universal covering. Then RP r (C, t) T — •> T becomes a trivial fibration and we can 
consider the set of constant sections 



where 



j\ = {d : f — > RP r (C, t)" x T f } , 

flp r (ct)»= jj flp r (c B ,t x )i. 



(x,a)eTx^" ) 

The pull back = {RH _1 (cr)} of this constant sections determines a foliation on M", T (t, r, d)" Xj-f 
where M"y T (t, r, d) B = RH~ 1 (_R_P r (C,t) t '). This foliation corresponds to a subbundle determined by the 
splitting 

nit . ^*fe a - ns ) _> e an 

• V^ T J °M« T (t,r,ii)IxTT 

of the analytic tangent map 



^ M£ /T (i,r,d)«x T f 71 U ' 

where ff : M"^ T (t, r, d)" x-pT — * T is the projection. We will show that this splitting £)" is in fact induced 
by a splitting 

D : 7r*(e T ) -> & m?/tM 

of the algebraic tangent bundle, where 7r : M"^ T (t,r,d) — > T is the projection. This splitting is nothing 
but the differential equation determined by monodromy preserving deformation. 

Usually, the equation of monodromy preserving deformation is given by the following way: Assume 
C = P 1 and take a Zariski open set U C Mp lxT i r (t, r, 0) such that a universal family on P 1 x U is given 

by (Cp[ xT , V, {W > ), where V is given by a connection matrix 

Ajdz 



i — l 

Then the differential equation of monodromy preserving deformation is given by 

dA 1 __[A 11 Aj} dAj [Aj,A k ] 

The equation (|12l) is called Schlesinger equation and it is needless to say that this equation plays a great 
role in explicit description of many differential equations arising from monodromy preserving deformation. 
However, we want to describe monodromy preserving deformation even on the locus contracted by RH. 
So the equation Ijl2|l itself is not enough for the explicit geometric description of monodromy preserving 
deformation, because (|12f> is defined only on a Zariski open set and is even not defined in higher genus 
case. In order to obtain the splitting D, we will go back to how the equation (|12|) arise as a monodromy 
preserving deformation. Take a local constant section a : T' — > RP r (C,t)* XtT', where T" is an analytic 
open subset of T. Then a corresponds to a local system V CT on Ct' \ ((^i)t' + ■ • • + (tn)r') after shrinking 

T' . The canonical flat connction on V CT ® O c ,\{(fi) h K*»») ') ex t en ds to an integrable logarithmic 

connection 

(13) V ff : E RH - Ha{Tn) — » E RH -i {a{Tiy) <g> f2^,(log((fi) T ' + ■ • • + (4)t0) 

whose induced relative connection is just V|cx t rh- 1 (o-(t'))' The equation (|12|l comes from the integra- 
bility condition for V CT . Taking the tangent direction of cr(T'), we obtain the splitting D. Precisely, we 
have the following proposition: 

Proposition 7.1. There exists an algebraic splitting 

D : vr*(9 T ) - e McV( ^ d) 

of the tangent map Q^a (t r <t) ~* tt*(6t) whose pull-back to M^ T (t, r, d)" Xy T coincides with DK 
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Proof. We will define the corresponding homomorphism Q T — > 7r*0 M o. (t,r,d)- Take any affine open 

set J7 C T and a vector field w e H°{U,Qt)- v corresponds to a morphism t v : Spec Of [e] — > T with 
e 2 = such that the composite {/ <— > Spec Cry [ £ ] — > T is just the inclusion U <—> T. We denote the 
restriction of the universal family to C x T 7r _1 (fy) simply by (E, V, {if})- Consider the fiber product 
C XTSpecC 7r -i( [/ )[e] with respect to the canonical projection C —>T and the compsite Spec£?„—i(£/)[e] — > 

Spec 0rj[e] T. We denote the pull-back of D(t) by the morphism C Xt SpecC^-i^) [e] — > C simply by 
D(t)o _! [el- We call (£, V £ ,{(fe#}) a horizontal lift of (25, V,^- }) if 

(1) £ is a vector bundle on C x T SpecC^-imJe], 

(2) f |i. x spocO -i v [e] = (^)o^ 3 ■ ■■ D (if)r^ = is a filtration by subbundlcs for i = 1, . . . , n, 

(3) V s :£ ^^O^cx T SpecO„_ 1(u) W/7r-Mc/) ( log ( D (*K-i (f7) [e])) is a connection satisfying 

(a) V*(jf (£)) C ^ <) (^)®^ ><TSpecOw _ i(u)[e]A _ 1(£/) (l g J D(t)^_ 1(u)[e] ), where if (£) is 
given by ff (£) := kcr (f- -+ £ | t - XrSpec ^_ 1(f/)[e] /^)f ) , 

(b) The curvature V £ o V £ : 5-* 5® ng XTSpoc0ir _ 1(u)[e]/ff _ 1(u) (log (D(t)^_ 1([7) [e])) is zero, 

(c) (res flXTSpcc0 _ 1([7)[e] (V £ ) - A« )((Z f )<*>) C for any where V £ is the relative 
connection over Spec O f -im \ [e] induced by V f and 

(d) (£,V £ ,{(/ £ )f )®O t - 1([/) [6]/( £ )-(S,V,^ ) }). 

Here we define the sheaf ^cx r SpocO _i ( [e]/7r- 1 (t/) (l°§ (^Wo»-i ([;) [£])) as * ne coherent subsheaf of 
^CxTSpecO^-i^W/ir-^i/) ( D fi)o„-i(u) ft) locall y generated by (T 1 ^ and de for a local defining equa- 
tion 5 of D(t)o^_ Hu)[e ] and the sheaf fic XrSpB:Oi . 1(t0 [ e]/l -i (l0 (log ( fl (t)o,-. m [ f ])) as the coherent 
subsheaf of ficxrSpecO,-! W/i-'f!/) (^(^Cx-nt/)^]) locall y generated by (T 1 ^ A efc. Assume that 
the parabolic connection (E, V, {^}) is locally given in a small affine open subset W of C x {/ by a 



x 7r n VF) is an upper triangular matrix and the parabolic structure {I, }w is given by 



1(17)1' 

connection matrix Ag 1 dg, where g is a local defining equation of (t, x 7r 1 (C/)) n W, A <G M r (Ow), 

(Z^ V = (*X^~T*, 0, . . . , 0). Let W be the affine open subscheme of C x Spec Oj-i^j [e] whose under- 
lying space is W and let g be a lift of g which is a local defining equation of (U x Spec [e]) n W". 
If we denote the composite — ► fij^., = O^dg C^de — > O^de by d e , we can take a lift 
A e Af r (O v j / ) of A such that d e (A) = and A((ti x Spec Oj-iim [e]) n W) is an upper-triangular matrix. 

Then the connection matrix Ag~ 1 dg gives a local horizontal lift of (E, V, {^ } })|vi/- We can check that a 
local horizontal lift is unique up to an isomorphism. We put 



T a := {u e £nd(E) \u\~ u ^- 1{u) {lf) C if (1 < * < n, < j < r)} 



J . ~. ftl u(M'' (25)) C if (£) «) ft 1 for any i, j and the image of 
T L := <ue £nd(E)(g>n L (i) J _ u _ ~..res t -. - 

[ F- (25) — ► 25 ® Q 1 ^\ti X7r~ 1 (u) is contained in l-^ for any i, j 

^ 2 := {?i e 5nd(£) ® n 2 u(Ff{E)) C ^(F) ® & for any *, j} , 



where we put 



Consider the complex 



& ■■= ^Cx T7 r-i(c/)A-i(c/)( £, (t)) © CxTV -i {u) de 

^ : =^Cx r7r -i( l /)/ 7 r-i( l /)P(t)) A * 

F«(F) :=kev(E^E\~ tiX „. 1{u) /lf). 
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defined by d°(u) = V o u — u o V + ude and d}(ui + ade) — de A uj + (V o a — a o V) A de for u £ T°, 
oj £ £nd(E) (g) g~ 1 dg and a £ T° such that w + ade £ T 1 . 

We can see that an obstruction class for the existence of a horizontal lift of (E, V, {h}) is in 
and the set of horizontal lifts is isomorphic to H 1 (J r> ) if it is not empty. We can easily check that T' is 
in fact an exact complex. Thus we have H 2 (^ r# ) = 0, H 1 (^ r *) = and there is a unique horizontal lift 
(£, V £ ,{(l £ )f}) of (E,V,{k}). We can check that v h-> (£, V £ , {{l £ )f}) gives an C T -homomorphism 
6 T -> 7r*(0M« /T (t,r,d))' Thus we obtain an M « r(? nd) -homomorphism 

D : 7r*(9 T ) ©M^ /T (t,r,d) 

which is a splitting of the surjection & M a (t r d) 7r * (©t)- By construction we can see that the pull-back 
of D to M|V(t, r,d) ( xf coincides with D". □ 

Remark 7.1. (1) We can see by construction that the image D(it*Qt) is in fact contained in the relative 
tangent bundle ® M ~ T(iirid)/A M {d y 

(2) As is explained in section 2, the subbundle D(ir*®x) C 6 Ma ^ rd ^ satisfies an integrability condi- 
tion and determies a foliation Tm on M^ T (t,r,d). By the proof of Proposition 17.11 we can see that 
{RH(£)|£ £ Tm} coincides with Tr. 

Proof of Theorem 12.31 Take any path 7 : [0, 1] — > T and a point x £ M", T (t,r,d) such that 
7r(x) = 7(0). We take a lift x £ Mf?, T (i,r,d) x T f. We can easily lift 7 to a path 7 : [0,1] — > 
i?P r (C,t) x^<„) Af^(d) x T T such that 7[0, 1] is contained in a leaf of :F fl x^ ( „) A ( r n \d) and RH(i) = 

7(0). Since a leaf of Tm pathing through x is locally isomorphic to T, we can take a unique local lift 
5 e : [0, e) — * M"^ T (t, r, d) x t T of 7 for small e > such that <5 C (0) = x and <5 e ([0, e]) is contained in a leaf 
of Tm- Consider the set 

there exists a lift S t : [0, t) — > M^ T (t, r, d) x T f of 7|[o,t) 1 
such that <5(0) =5 and <5([0, i)) is contained in a leaf of .Fm J 

and put a := sup A. Assume that a < 1. Then there is a sequence {i ra }n>o hi ^4 such that limn-,^ t„ = a. 
Since RH : Mg /T (t,r,d) x T f-> RP r (C,i) x^ ( „) A { r n \d) x T f is a proper morphism, RH^^jO.a]) is 
compact. Thus the sequence {5t n (t n )} of RH _1 (7[0, a]) has a subsequence {<5t„ fc (in fc )} which is convergent 
in RH _1 (7[0, a]). We put x a := limfe_ ! . 00 5 t „ [t„ k ) £ RH _1 (7[0, a]). Then RH(i„) = 7(a) and we can 
take a local lift 5 a : (a — e, a + e) — > M^ T (t, r,d) Xj- T of 7|( a -e, a+c) f° r small e > such that 5 a (a) = x a 
and 6 a ((a — e, a + e)) is contained in a leaf of Tm- Gluing S a and 5t n for some t„ £ A with i„ > a — e, 
we can obtain a lift J Q : [Q, a + e) — > M", T (t, r, d) x^ T of 7|[o !a + e ) whose image is contained in a leaf 

of .Fftf. Thus a + e £ A which contradicts the choice of a. So we have a — 1 and we can obtain a lift 
<5i : [0, 1] — > Af°y T (t, r, d) T of 7 whose image is contained in a leaf of Fm- Taking the image by the 

projection M^ T (t, r,d) x-p T — > M"^ T (t, r, d), we obtain an .T^-horizontal lift 5 of 7 such that <5(0) = a;. 
□ 
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